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A TRANSFERENCE RESULT OF THE Lp CONTINUITY OF THE
JACOBI LITTLEWOOD-PALEY g−FUNCTION TO THE
GAUSSIAN AND LAGUERRE LITTLEWOOD-PALEY
g−FUNCTION.
EDUARD NAVAS AND WILFREDO O. URBINA
Abstract. In this paper we develop a transference method to obtain the Lp-
continuity of the Gaussian-Littlewood-Paley g function and the Lp-continuity
of the Laguerre-Littlewood-Paley g function from the Lp-continuity of the
Jacobi-Littlewood-Paley g function, in dimension one, using the well known
asymptotic relations between Jacobi polynomials and Hermite and Laguerre
polynomials.
1. Preliminaries
It is well knownn, in the theory of classical orthogonal polynomials, the asymp-
totic relations between Jacobi polynomials and Hermite and Laguerre polynomials.
Using those asymptotic relations we develop a transference method to obtain Lp-
continuity for the Gaussian-Littlewood-Paley g function and the L-continuity of
the Laguerre-Littlewood-Paley g function from the Lp- continuity of the Jacobi-
Littlewood-Paley g function, in dimension one. We are going to use the normaliza-
tions given in G. Szego¨’s book [9], for all classical polynomials.
• Jacobi polynomials: For α, β > −1, the Jacobi polynomials {P (α,β)n }n∈N are
defined as the orthogonal polynomials associated with the Jacobi measure
µα,β (or beta measure) in (−1, 1), defined as
µα,β(dx) = ωα,β(x)dx = ηα,βχ(−1,1)(x)(1 − x)α(1 + x)βdx,
where ηα,β =
1
2α+β+1B(α+1,β+1)
= Γ(α+β+2)
2α+β+1Γ(α+1)Γ(β+1)
.
The function ωα,β is called the (normalized) Jacobi weight.
The Jacobi polynomials can be obtained from the polynomial canoni-
cal basis {1, x, x2, · · · , xn, · · · } using the Gram-Schmidt orthogonalization
process with respect to the inner product in L2(µα,β). Thus we have the
orthogonality property of Jacobi polynomials with respect to µα,β ,
(1.1)
∫ ∞
−∞
P (α,β)n (y)P
(α,β)
m (y)µα,β(dy) = ηα,βh
(α,β)
n δn,m = hˆn
(α,β)
δn,m,
n,m = 0, 1, 2, · · · , where
(1.2) h(α,β)n =
2α+β+1
(2n+ α+ β + 1)
Γ (n+ α+ 1)Γ (n+ β + 1)
Γ (n+ 1)Γ (n+ α+ β + 1)
,
and
hˆn
(α,β)
=
1
(2n+ α+ β + 1)
Γ(α+ β + 2)Γ (n+ α+ 1)Γ (n+ β + 1)
Γ(α+ 1)Γ(β + 1)Γ (n+ 1)Γ (n+ α+ β + 1)
= ‖P (α,β)n ‖22,(α,β).
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On the other hand, the Jacobi polynomial of parameter (α, β) of degree
n, P
(α,β)
n , is a polynomial solution of the Jacobi differential equation, with
parameters α, β, n,
(1.3)
(
1− x2) y′′ + [β − α− (α+ β + 2)x] y′ + n (n+ α+ β + 1) y = 0,
i.e. P
(α,β)
n is an eigenfunction of the (one-dimensional) second order diffu-
sion operator
(1.4) Lα,β = −(1− x2) d
2
dx2
− (β − α− (α+ β + 2)x) d
dx
,
associated with the eigenvalue λα+βn = n(n+α+ β + 1). Lα,β is called the
Jacobi differential operator. Observe that if we choose δα,β =
√
1− x2 ddx ,
and consider its formal L2(µα,β)-adjoint,
δ∗α,β = −
√
1− x2 d
dx
+ [(α+
1
2
)
√
1 + x
1− x − (β +
1
2
)
√
1− x
1 + x
]I,
then Lα,β = δ∗α,βδα,β . The differential operator δα,β is considered the “nat-
ural” notion of derivative in the Jacobi case.
The operator semigroup associated to the Jacobi polynomials is defined
for positive or bounded measurable Borel functions of (−1, 1), as
(1.5) Tα,βt f(x) =
∫ 1
−1
pα,β(t, x, y)f(y)µα,β(dy),
where
pα,β(t, x, y) =
∑
k
e−k(k+α+β+1)t
hˆk
(α,β)
P
(α,β)
k (x)P
(α,β)
k (y).
There is not a simple explicit representation of pα,β(t, x, y) since the eigen-
values λn are not linearly distributed; there is one obtained by G. Gasper [3]
which is analog of Bailey’s F4 representation of the kernel of Abel summa-
bility for Jacobi series, also called the Jacobi-Poisson integral, see [1]. From
that form, taking x = −y = 1, it can be proved that pα,β(t, x, y) is a posi-
tive kernel.
{Tα,βt } is called the Jacobi semigroup and can be proved that is a Markov
semigroup, for details see [10]. The Jacobi-Poisson semigroup {Pα,βt } can
be defined, using Bochner’s subordination formula,
e−λ
1/2t =
1√
pi
∫ ∞
0
e−u√
u
e−
λt2
4u du.
as the subordinated semigroup of the Jacobi semigroup,
Pα,βt f(x) =
1√
pi
∫ ∞
0
e−u√
u
Tα,βt2/4uf(x)du.
For a function f ∈ L2 ([−1, 1] , µ(α,β)) let us consider its Fourier- Jacobi
expansion
(1.6) f =
∞∑
k=0
〈f, P (α,β)k 〉
hˆk
(α,β)
P
(α,β)
k ,
where
〈f, P (α,β)k 〉 =
∫ 1
−1
f(y)P
(α,β)
k (y)µα,β(dy).
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Then, the action of Tt and Pt can be expressed as
Tα,βt f =
∞∑
k=0
〈f, P (α,β)k 〉
hˆk
(α,β)
e−λktP (α,β)k ,
and
Pα,βt f =
∞∑
k=0
〈f, P (α,β)k 〉
hˆk
(α,β)
e−
√
λktP
(α,β)
k .
Following the classical case, the Jacobi-Littlewood-Paley g function can be
define as
(1.7) g(α,β)f(x) =
∫ ∞
0
t|∇(α,β)P (α,β)t f(x)|2dt
where ∇(α,β) =
(
∂
∂t , δα,β
)
=
(
∂
∂t ,
√
1− x2 ∂∂x
)
The Lp-continuity of the Jacobi-Littlewood-Paley g-function g(α;β), was
proved by A. Nowak and P. Sjo¨gren in [8] .
Theorem 1.1. Assume that 1 < p < ∞ and α, β ∈ [−1/2,∞)d. There
exists a constant cp such that
(1.8) ‖g(α,β)f‖p,(α,β) ≤ cp‖f‖p,(α,β).
• Hermite polynomials: The Hermite polynomials {Hn}n, are defined as
the orthogonal polynomials associated with the Gaussian measure in R,
γ(dx) = e
−x2√
pi
dx, i.e.
(1.9)
∫ ∞
−∞
Hn(y)Hm(y) γ(dy) = 2
nn!δn,m,
n,m = 0, 1, 2, · · · , with the normalization
H2n+1(0) = 0, H2n(0) = (−1)n (2n)!
n!
.
We have
H
′
n(x) = 2nHn−1(x),(1.10)
H
′′
n (x) − 2xH
′
n(x) + 2nHn(x) = 0,(1.11)
thus Hn is an eigenfunction of the one dimensional Ornstein-Uhlenbeck
operator (or harmonic oscillator operator),
(1.12) L = −1
2
d2
dx2
+ x
d
dx
,
associated with the eigenvalue λn = n. Observe that if we choose δγ =
1√
2
d
dx , and consider its formal L
2(γ)-adjoint,
δ∗γ = −
1√
2
d
dx
+
√
2xI
then L = δ∗γδγ . The differential operator δγ is considered the “natural”
notion of derivative in the Hermite case.
The Gaussian-Littlewood-Paley g function can be defined as
(1.13) gγf(x) =
∫ ∞
0
t|∇γP γt f(x)|2dt
where ∇γ =
(
∂
∂t , δγ
)
=
(
∂
∂t ,
1√
2
∂
∂x
)
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The Lp continuity of the of the Gaussian-Littlewood-Paley g function
was proved by C. Gutie´rrez in [5],
Theorem 1.2. Assume that 1 < p < ∞. There exists a constant cp such
that
(1.14) ‖gγf‖p,γ ≤ cp‖f‖p,γ.
• Laguerre polynomials: For α > −1, the Laguerre polynomials {Lαk} are
defined as the orthogonal polynomials associated with the Gamma measure
on (0,∞), µα(dx) = χ(0,∞)(x) x
αe−x
Γ(α+1)dx, i.e.
(1.15)
∫ ∞
0
Lαn(y)L
α
m(y)µα(dy) =
(
n+ α
n
)
δn,m =
Γ(n+ α+ 1)
Γ(α+ 1)n!
δn,m,
n,m = 0, 1, 2, · · · We have
(1.16) (Lαk (x))
′ = −Lα+1k−1 (x).
(1.17) x(Lαk (x))
′′ + (α+ 1− x)(Lαk (x))′ + kLαk (x) = 0.
thus Lαk is an eigenfunction of the (one-dimensional) Laguerre differential
operator
(1.18) L α = −x d
2
dx2
− (α+ 1− x) d
dx
,
associated with the eigenvalue λk = k. Observe that if we choose δα =√
x ddx , and consider its formal L
2(α)-adjoint,
δ∗α = −
√
x
d
dx
+ [
α+ 1/2√
x
+
√
x]I
then L α = δ∗αδα. The differential operator δα is considered the “natural”
notion of derivative in the Laguerre case.
The Laguerre-Littlewood-Paley g function can be defined as
(1.19) gαf(x) =
∫ ∞
0
t|∇αPαt f(x)|2dt
where ∇α =
(
∂
∂t , δα
)
=
(
∂
∂t ,
√
x ∂∂x
)
.
The Lp continuity of the Laguerre-Littlewood-Paley g function was proved
by A. Nowak in [7].
Theorem 1.3. Assume that 1 < p < ∞ and α ∈ [1/2,∞)d. There exists
a constant cp such that
(1.20) ‖gαf‖p,α ≤ cp‖f‖p,α.
• Finally, let us consider the asymptotic relations between Jacobi polynomials
and other classical orthogonal polynomials (see [9], (5.3.4) and (5.6.3)),
i) For Hermite polynomials,
(1.21) lim
λ→∞
λ−n/2Cλn(x/
√
λ) =
Hn(x)
n!
,
ii) For Laguerre polynomials,
(1.22) lim
β→∞
P (α,β)n (1− 2x/β) = Lαn(x).
Both relations holds uniformly in every closed interval of R.
Actually these relations are expression of deeper relations between the measures
and operators involved. As a consequence of those relations we have the following
technical results, that were proved in [6], and are needed to prove Theorem 2.1.
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Proposition 1.1. (norm relations)
i) Let f ∈ L2(R, γ) and define fλ(x) = f(
√
λx)χ[−1,1](x), then fλ ∈ L2([−1, 1], µλ)
and
(1.23) lim
λ→∞
‖fλ‖2,λ = ‖f‖2,γ
ii) Let f ∈ L2(R, µα) and define fβ(x) = f
(
β
2 (1 − x)
)
χ[−1,1](x), then fβ ∈
L2([−1, 1], µ(α,β)) and
(1.24) lim
β→∞
‖fβ‖2,(α,β) = ‖f‖2,α
Proposition 1.2. (inner product relations) With the same notation as in Lemma
1.1,
i) Let f ∈ L2(R, γ), then
(1.25) lim
λ→∞
〈fλ, λ−k/2Cλk 〉 = 〈f,
Hk
k!
〉.
ii) Let f ∈ L2(R, µα), then
(1.26) lim
β→∞
〈fβ, P (α,β)k 〉 = 〈f, Lαk 〉.
The results of this paper follows the same scheme of the proof given in [6], where
this transference method was used to obtain the the Lp boundedness for the Riesz
transform in the Hermite and Laguerre case from the Lp boundedness for the
Riesz transform in the Jacobi case. Unfortunately due to the non-linearity of the
Littlewood-Paley g-function the computations for the case p 6= 2 are more involved.
2. Main Results
We want to obtain the Lp-continuity for the Gaussian-Littlewood-Paley g and the
Lp-continuity for the Laguerre-Littlewood-Paley g from the Lp-continuity of the
Jacobi-Littlewood-Paley g , using a transference method based on the asymptotic
relations between Jacobi polynomials and Hermite and Laguerre polynomials. We
will start considering the case p = 2; more precisely we want to prove
Theorem 2.1. The L2(µα,β) boundedness for the Jacobi-Littlewood-Paley g
(2.1) ‖g(α,β)f‖2,(α,β) ≤ C2‖f‖2,(α,β)
implies
i) the L2(γ) boundedness for the Gaussian-Littlewood-Paley g
(2.2) ‖gγf‖2,γ ≤ C2‖f‖2,γ.
ii) the L2(µα) boundedness for the Laguerre-Littlewood-Paley g
(2.3) ‖gαf‖2,α ≤ C2‖f‖2,α.
Proof
i) Let f ∈ L2(R, γ) and define fλ(x) = f(
√
λx); then∥∥∥g(α,β)fλ∥∥∥2
2,(α,β)
=
∫ 1
−1
(∫ ∞
0
t|∇α,βP (α,β)t fλ(x)|2dt
)
dµα,β(x)
=
∫ ∞
0
t
(∫ 1
−1
((
∂
∂t
P
(α,β)
t fλ(x)
)2
+ (1− x2)
(
∂
∂x
P
(α,β)
t fλ(x)
)2)
dµα,β(x)
)
dt
Let us study the first term, by Parseval’s identity,
∫ 1
−1
(
∂
∂t
P
(α,β)
t fλ(x)
)2
dµα,β(x) =
∞∑
k=1
∣∣∣∣∣∣∣
〈
fλ,
P
(α,β)
k∥∥∥P (α,β)k ∥∥∥
2,(α,β)
〉∣∣∣∣∣∣∣
2
λke
−2tλ1/2k ,
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Therefore, interchanging the integral with the series, using Lebesgue’s domi-
nated convergence theorem, we get
∫ ∞
0
t
(∫ 1
−1
(
∂
∂t
P
(α,β)
t fλ(x)
)2
dµα,β(x)
)
dt =
∫ ∞
0
t

 ∞∑
k=1
∣∣∣∣∣∣∣
〈
fλ,
P
(α,β)
k∥∥∥P (α,β)k ∥∥∥
2,(α,β)
〉∣∣∣∣∣∣∣
2
λke
−2tλ1/2k

 dt
=
1
4
∞∑
k=1
∣∣∣∣∣∣∣
〈
fλ,
P
(α,β)
k∥∥∥P (α,β)k ∥∥∥
2,(α,β)
〉∣∣∣∣∣∣∣
2
=
1
4
‖fλ‖22,(α,β)
In particular, taking α = β = λ− 1/2, we obtain∫ ∞
0
t
(∫ 1
−1
(
∂
∂t
P
(λ−1/2,λ−1/2)
t fλ(x)
)2
dµλ(x)
)
dt =
1
4
∫ 1
−1
|fλ(x)|2dµλ(x) = 1
4
‖fλ‖22,λ
Thus, we get using Proposition 1.1
lim
λ→∞
∫ ∞
0
t
(∫ 1
−1
(
∂
∂t
P
(λ−1/2,λ−1/2)
t fλ(x)
)2
dµλ(x)
)
dt = lim
λ→∞
1
4
‖fλ‖22,λ =
1
4
‖f‖22,γ
=
1
4
∫ ∞
−∞
|f(x)|2dγ(x) = 1
4
∞∑
k=1
∣∣∣∣∣
〈
f,
Hk
‖Hk‖2,γ
〉∣∣∣∣∣
2
=
∞∑
k=1
∣∣∣∣∣
〈
f,
Hk
‖Hk‖2,γ
〉∣∣∣∣∣
2
k
∫ ∞
0
te−2tk
1/2
dt
=
∫ ∞
0
t

 ∞∑
k=1
∣∣∣∣∣
〈
f,
Hk
‖Hk‖2,γ
〉∣∣∣∣∣
2
ke−2tk
1/2

 dt = ∫ ∞
0
t
(∫ ∞
−∞
(
∂
∂t
P γt f(x)
)
dγ(x)
)
dt
Hence,
lim
λ→∞
∫ ∞
0
t
(∫ 1
−1
(
∂
∂t
P
(λ−1/2,λ−1/2)
t fλ(x)
)2
dµλ(x)
)
dt =
∫ ∞
0
t
(∫ ∞
−∞
(
∂
∂t
P γt f(x)
)2
dγ(x)
)
dt.
Now, let us consider the second term. First of all, observe that∥∥∥√1− x2P (α+1,β+1)k−1 ∥∥∥2
2,(α,β)
=
=
4(α+ 1)(β + 1)
2α+β+3(α+ β + 3)(α+ β + 2)B(α + 2, β + 2)
×
∫ 1
−1
(1− x)α+1(1 + x)β+1
[
P
(α+1,β+1)
k−1 (x)
]2
dx
=
4(α+ 1)(β + 1)
(α+ β + 3)(α+ β + 2)
∥∥∥P (α+1,β+1)k−1 ∥∥∥2
2,(α+1,β+1)
=
4k
(k + α+ β + 1)
∥∥∥P (α,β)k ∥∥∥2
2,(α,β)
.
Then, using Parseval’s identity, we get∫ 1
−1
(√
1− x2 ∂
∂x
P
(α,β)
t fλ(x)
)2
dµα,β(x) =
∥∥∥∥√1− x2 ∂∂xP (α,β)t fλ
∥∥∥∥
2
2,(α,β)
=
∞∑
k=1
∣∣∣∣∣∣∣∣
〈
fλ,
P
(α,β)
k∥∥∥P (α,β)k ∥∥∥2
2,(α,β)
〉∣∣∣∣∣∣∣∣
2
e−2tλ
1/2
k
(k + α+ β + 1)2
4
∥∥∥√1− x2P (α+1,β+1)k−1 ∥∥∥2
2,(α,β)
=
∞∑
k=1
∣∣∣∣∣∣∣
〈
fλ,
P
(α,β)
k∥∥∥P (α,β)k ∥∥∥2
2
〉∣∣∣∣∣∣∣
2
e−2tλ
1/2
k λk
∥∥∥P (α,β)k ∥∥∥2
2,(α,β)
=
∞∑
k=1
∣∣∣∣∣∣
〈
fλ,
P
(α,β)
k∥∥∥P (α,β)k ∥∥∥
2
〉∣∣∣∣∣∣
2
λke
−2tλ1/2k .
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Now as before, using Lebesgue’s dominated convergence theorem, inter-
changing the integral with the series, we get∫ ∞
0
t
(∫ 1
−1
(√
1− x2 ∂
∂x
P
(α,β)
t fλ(x)
)2
dµα,β(x)
)
dt
=
∫ ∞
0
t

 ∞∑
k=1
∣∣∣∣∣∣∣
〈
fλ,
P
(α,β)
k∥∥∥P (α,β)k ∥∥∥
2,(α,β)
〉∣∣∣∣∣∣∣
2
λke
−2tλ1/2k

 dt = 1
4
∫ 1
−1
|fλ(x)|2dµα,β(x).
Then, for the Gegenbauer case, α = β = λ− 1/2 we get∫ ∞
0
t
(∫ 1
−1
(√
1− x2 ∂
∂x
P
(λ−1/2,λ−1/2)
t fλ(x)
)2
dµλ(x)
)
dt =
1
4
‖fλ‖22,λ .
On the other hand, again using Parserval’s identity, we have∫ ∞
−∞
(
1√
2
∂
∂x
P γt f(x)
)2
dγ(x) =
∞∑
k=1
∣∣∣∣∣
〈
f,
Hk
‖Hk‖22,γ
〉∣∣∣∣∣
2
2k2e−2tk
1/2 ‖Hk−1‖22,γ
=
∞∑
k=1
∣∣∣∣∣
〈
f,
Hk
‖Hk‖22,γ
〉∣∣∣∣∣
2
2k2e−2tk
1/2 1
2k
‖Hk‖22,γ =
∞∑
k=1
∣∣∣∣∣
〈
f,
Hk
‖Hk‖2,γ
〉∣∣∣∣∣
2
ke−2tk
1/2
.
Hence,∫ ∞
0
t
(∫ ∞
−∞
(
1√
2
∂
∂x
P γt f(x)
)2
dγ(x)
)
dt =
∫ ∞
0
t

 ∞∑
k=1
∣∣∣∣∣
〈
f,
Hk
‖Hk‖2,γ
〉∣∣∣∣∣
2
ke−2tk
1/2

 dt
=
1
4
‖f‖22,γ .
Therefore, using Proposition 1.1,
lim
λ→∞
∫ ∞
0
t
(∫ 1
−1
(√
1− x2 ∂
∂x
P
(λ−1/2,λ−1/2)
t fλ(x)
)2
dµλ(x)
)
dt
= lim
λ→∞
1
4
‖fλ‖22,λ =
1
4
‖f‖22,γ =
∫ ∞
0
t
(∫ ∞
−∞
(
1√
2
∂
∂x
P γt f(x)
)2
dγ(x)
)
dt.
Now, taking α = β = λ− 1/2,
lim
λ→∞
∥∥∥g(λ−1/2,λ−1/2)fλ∥∥∥2
2,λ
= lim
λ→∞
∫ ∞
0
t
(∫ 1
−1
(
∂
∂t
P
(λ−1/2,λ−1/2)
t fλ(x)
)2
dµλ(x)
)
dt
+ lim
λ→∞
∫ ∞
0
t
(∫ 1
−1
(√
1− x2 ∂
∂x
P
(λ−1/2,λ−1/2)
t fλ(x)
)2
dµλ(x)
)
dt
=
∫ ∞
0
t
(∫ ∞
−∞
(
∂
∂t
P γt f(x)
)2
dγ(x)
)
dt
+
∫ ∞
0
t
(∫ ∞
−∞
(
1√
2
∂
∂x
P γt f(x)
)2
dγ(x)
)
dt = ‖gγf‖22,γ .
now, by the L2 continuity of g(λ−1/2,λ−1/2), we have∥∥∥g(λ−1/2,λ−1/2)fλ∥∥∥
2,λ
≤ C2 ‖fλ‖2,λ
8 EDUARD NAVAS AND WILFREDO O. URBINA
Finally,
‖gγf‖2,γ = limλ→∞
∥∥∥g(λ−1/2,λ−1/2)fλ∥∥∥
2,λ
≤ C2 lim
λ→∞
‖fλ‖2,λ = C2 ‖f‖2,γ . 
ii) Let f ∈ L2((0,∞), µα), define fβ(x) = f
(
β
2 (1− x)
)
, then analogously as
in the Hermite case∥∥∥g(α,β)fβ∥∥∥2
2,(α,β)
=
∫ ∞
0
t
(∫ 1
−1
((
∂
∂t
P
(α,β)
t fβ(x)
)2
+ (1 − x2)
(
∂
∂x
P
(α,β)
t fβ(x)
)2)
dµα,β(x)
)
dt,
where,∫ ∞
0
t
(∫ 1
−1
(
∂
∂t
P
(α,β)
t fβ(x)
)2
dµα,β(x)
)
dt =
1
4
∫ 1
−1
|fβ(x)|2dµα,β(x) = 1
4
‖fβ‖22,(α,β)
and∫ ∞
0
t
(∫ 1
−1
(√
1− x2 ∂
∂x
P
(α,β)
t fλ(x)
)2
dµα,β(x)
)
dt =
1
4
∫ 1
−1
|fβ(x)|2dµα,β(x) = 1
4
‖fβ‖22,(α,β) ,
Let us study the first term. Using Proposition 1.1 and Lebesgue’s domi-
nated convergence theorem, interchanging the integral with the series, we
get
lim
β→∞
∫ ∞
0
t
(∫ 1
−1
(
∂
∂t
P
(α,β)
t fβ(x)
)2
dµα,β(x)
)
dt = lim
β→∞
1
4
‖fβ‖22,(α,β) =
1
4
‖f‖22,α
=
∫ ∞
0
t

 ∞∑
k=1
∣∣∣∣∣
〈
f,
Lαk
‖Lαk‖2,α
〉∣∣∣∣∣
2
ke−2tk
1/2

 dt = ∫ ∞
0
t
(∫ ∞
0
(
∂
∂t
Pαt f(x)
)2
dµα(x)
)
dt.
Let us look now the second term. First of all observe that,
∥∥√xLα+1k−1∥∥22,α =
∫ ∞
0
∣∣√xLα+1k−1(x)∣∣2 xαe−xΓ(α+ 1)dx = (α + 1)
∫ ∞
0
∣∣Lα+1k−1 (x)∣∣2 xα+1e−xΓ(α+ 2)dx
= (α+ 1)
∥∥Lα+1k−1∥∥22,(α+1) = (α+ 1)Γ(k − 1 + α+ 1 + 1)Γ(α+ 2)(k − 1)! = k ‖Lαk‖22,α ,
then we get, using Parseval’s identity
∫ ∞
0
(√
x
∂
∂x
Pαt f(x)
)2
dµα(x) =
∞∑
k=1
∣∣∣∣∣
〈
f,
Lαk
‖Lαk‖22,α
〉∣∣∣∣∣
2
e−2tk
1/2 ∥∥√xLα+1k−1∥∥22,α
=
∞∑
k=1
∣∣∣∣∣
〈
f,
Lαk
‖Lαk‖2,α
〉∣∣∣∣∣
2
ke−2tk
1/2
.
Hence,
lim
β→∞
∫ ∞
0
t
(∫ 1
−1
(√
1− x2 ∂
∂x
P
(α,β)
t fβ(x)
)2
dµα,β(x)
)
dt = lim
β→∞
1
4
‖fβ‖22,(α,β) =
1
4
‖f‖22,α
=
∫ ∞
0
t

 ∞∑
k=1
∣∣∣∣∣
〈
f,
Lαk
‖Lαk‖2,α
〉∣∣∣∣∣
2
ke−2tk
1/2

 dt = ∫ ∞
0
t
(∫ ∞
0
(√
x
∂
∂x
Pαt f(x)
)2
dµα(x)
)
dt.
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Therefore,
lim
β→∞
∥∥∥g(α,β)fβ∥∥∥2
2,(α,β)
= lim
β→∞
∫ ∞
0
t
(∫ 1
−1
(
∂
∂t
P
(α,β)
t fβ(x)
)2
dµα,β(x)
)
dt
+ lim
β→∞
∫ ∞
0
t
(∫ 1
−1
(√
1− x2 ∂
∂x
P
(α,β)
t fβ(x)
)2
dµα,β(x)
)
dt
=
∫ ∞
0
t
(∫ ∞
0
(
∂
∂t
Pαt f(x)
)2
dµα(x)
)
dt
+
∫ ∞
0
t
(∫ ∞
0
(√
x
∂
∂x
Pαt f(x)
)2
dµα(x)
)
dt = ‖gαf‖22,α
and now, by the L2 continuity of g(α,β), we have∥∥∥g(α,β)fβ∥∥∥
2,(α,β)
≤ C2 ‖fβ‖2,(α,β)
Thus finally,
‖gαf‖2,α = limβ→∞
∥∥∥g(α,β)fβ∥∥∥
2,(α,β)
≤ C2 lim
β→∞
‖fβ‖2,(α,β) = C2 ‖f‖2,α . 
Now we are going to consider the general case p 6= 2. For the proof we will follow
the argument given by Betancour et al in [2].
Theorem 2.2. Let α, β > −1 and 1 < p <∞, then the Lp(µα,β) boundedness for
the Jacobi-Littlewood-Paley g function
(2.4) ‖g(α,β)f‖p,(α,β) ≤ Cp‖f‖p,(α,β)
implies
i) The Lp(γ)-boundedness for the Gaussian-Littlewood-Paley g function
(2.5) ‖gγf‖p,γ ≤ Cp‖f‖p,γ.
and
ii) The Lp(µα)-boundedness for the Laguerre-Littlewood-Paley g function
(2.6) ‖gαf‖p,α ≤ Cp‖f‖p,α.
Proof
i) Assume that the operator g(λ−1/2,λ−1/2) is bounded in Lp ([−1, 1], µλ). Let
φ ∈ C∞0 (R), for each λ > 0 define the function
φλ(x) = φ(
√
λx),
x ∈ R. Let λ big enough such that supp φλ is contained in [−1, 1]. In what
follows λ will be taken satisfying that condition.
Now, from the boundedness of g(λ−1/2,λ−1/2) we have
‖g(λ−1/2,λ−1/2)φλ‖p,λ ≤ C‖φλ‖p,λ,
that is to say,∥∥∥∥∥
[∫ ∞
0
t|∇λP (λ−1/2,λ−1/2)t φλ|2dt
]1/2∥∥∥∥∥
p,λ
≤ C‖φλ‖p,λ
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where ∇λ = ∇(λ−1/2,λ−1/2). Now making the change of variables x = y√λ
and taking Z(λ) = λ
1/2[Γ(λ)]222λ
2piΓ(2λ) we have{∫ √λ
−√λ
∣∣∣∣∣
[∫ ∞
0
t|∇λP (λ−1/2,λ−1/2)t φλ(
y√
λ
)|2dt
]1/2∣∣∣∣∣
p
Z(λ)(1 − y
2
λ
)λ−1/2dy
}1/p
≤ C‖φλ‖p,λ,
which implies{∫ √λ
−
√
λ
∣∣∣∣∣
[∫ ∞
0
t|∇λP (λ−1/2,λ−1/2)t φλ(
y√
λ
)|2dt
]1/2
(1− y
2
λ
)λ/p−1/2pe
y2
p
∣∣∣∣∣
p
e−y
2
√
pi
dy
}1/p
≤ C(Z(λ))−1/p‖φλ‖p,λ.
On the other hand, analogously we have from the case p = 2,

∫ √λ
−
√
λ
∣∣∣∣∣
[∫ ∞
0
t|∇λP (λ−1/2,λ−1/2)t φλ(
y√
λ
)|2dt
]1/2
(1− y
2
λ
)λ/2−1/4e
y2
2
∣∣∣∣∣
2
e−y
2
√
pi
dy


1/2
≤ C(Z(λ))−1/2‖φλ‖2,λ,
Now, define for any K ∈ N and λ > 0 such that
√
λ > K, the functions
Fλ,K(y) =


[∫∞
0 t|∇λP
(λ−1/2,λ−1/2)
t φλ(
y√
λ
)|2dt
]1/2
(1− y2λ )λ/2−1/4e
y2
2 if |y| ≤ K
0 if |y| > K
and
fλ,K(y) =


[∫∞
0 t|∇λP
(λ−1/2,λ−1/2)
t φλ(
y√
λ
)|2dt
]1/2
(1− y2λ )λ/p−1/2pe
y2
p if |y| ≤ K
0 if |y| > K.
Observe that Fλ,K = fλ,KΩλ, where
Ωλ(y) = e
y2
2 − y
2
p
(
1− y
2
λ
)λ/2−λ/p−1/4+1/2p
,
for all K ∈ N and
√
λ > K. Moreover,
|Ωλ(y)| ≤ e
y2
2 − y
2
p e−
y2
λ (λ/2−λ/p−1/4+1/2p) = ey
2( 14λ− 12pλ ).
Therefore, if p ≤ 2 |Ωλ(y)| ≤ 1 and for p > 2
|Ωλ(y)| ≤ eK
2( 14λ− 12pλ ),
hence Ωλ is bounded in [−K,K]. Now
(Z(λ))−1/p‖φλ‖p,λ = (Z(λ))−1/p
{∫ 1
−1
|φλ(x)|p λ [Γ(λ)]
2
22λ
2piΓ (2λ)
(
1− x2)λ−1/2
}1/p
dx.
Thus, making the change of variables x = y√
λ
we get,
(Z(λ))−1/p‖φλ‖p,λ = (Z(λ))−1/p
{∫ √λ
−√λ
|φλ( y√
λ
)|pZ(λ)
(
1− y
2
λ
)λ−1/2
dy
}1/p
=
{∫ √λ
−
√
λ
|φ(y)|p
(
1− y
2
λ
)λ−1/2
dy
}1/p
≤ C
{∫ √λ
−
√
λ
|φ(y)|p e
−y2
√
pi
dy
}1/p
.
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Therefore,
lim
λ→∞
(Z(λ))−1/p‖φλ‖p,λ ≤ lim
λ→∞
C
{∫ √λ
−√λ
|φ(y)|p e
−y2
√
pi
dy
}1/p
= C
{∫ ∞
−∞
|φ(y)|p e
−y2
√
pi
dy
}1/p
= C‖φ‖p,γ ,
and moreover,
(Z(λ))−1/p‖φλ‖p,λ ≤ C‖φ‖p,γ(2.7)
On the other hand,
‖Fλ,K‖2,γ =
{∫
R
|Fλ,K(y)|2 e
−y2
√
pi
dy
}1/2
=
{∫ K
−K
|Fλ,K(y)|2 e
−y2
√
pi
dy
}1/2
≤
{∫ √λ
−
√
λ
|Fλ,K(y)|2 e
−y2
√
pi
dy
}1/2
≤ C(Z(λ))−1/2‖φλ‖2,λ.(2.8)
Then, from (2.7) and (2.8), we have
‖Fλ,K‖2,γ ≤ C‖φ‖2,γ .
Analogously,
‖Fλ,K‖p,γ =
{∫
R
|Fλ,K(y)|p e
−y2
√
pi
dy
}1/p
=
{∫ K
−K
|fλ,KΩλ(y)|p e
−y2
√
pi
dy
}1/p
.
Since Ωλ is bounded in [−k, k], we get
‖Fλ,K‖p,γ ≤ C
{∫ ∞
−∞
|fλ,K(y)|p e
−y2
√
pi
dy
}1/p
≤ C(Z(λ))−1/p‖φλ‖p,λ
Then, from (2.7) and (2.9) we have
‖Fλ,K‖p,γ ≤ C‖φ‖p,γ
for all
√
λ > K. Thus, Fλ,K is a bounded sequence in L
2 (R, γ)
and Lp (R, γ) . By Bourbaki-Alaoglu’s theorem,there exists a subsequence
(λj)j∈N such that limj→∞ λj = ∞ and functions FK ∈ L2 (R, γ) and
fK ∈ Lp (R, γ) satisfying
• Fλj ,K → FK , as j →∞, in the weak topology on L2 (R, γ)
• Fλj ,K → fK , as j →∞, in the weak topology on Lp (R, γ)
Moreover, sopFK ∪ sopfK ⊆ [−K,K], and
‖FK‖2,γ ≤ lim
j→∞
‖Fλj ,K‖2,γ ≤ C‖φ‖2,γ .(2.9)
Analogously one gets,
‖fK‖p,γ ≤ C‖φ‖p,γ(2.10)
Observe that, defining for every k ∈ N,
τK(g) =
∫ ∞
−∞
g(x)χ[−K,K](x)dx,
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then, by Cauchy-Schwartz inequality τK ∈
(
L2 (R, γ)
)∗
, and therefore,∫ K
−K
FK(x)dx =
∫ ∞
−∞
FK(x)χ[−K,K](x)dx = τK(FK) = lim
j→∞
τK(Fλj ,K)
= lim
j→∞
∫ ∞
−∞
Fλj ,K(x)χ[−K,K](x)dx =
∫ K
−K
fK(x)dx;
thus, FK = fK a.e. on [−K,K], for all K ∈ N, so FK = fK a.e. on R.
Then from (2.10), we get
‖FK‖p,γ ≤ C‖φ‖p,γ ,(2.11)
and therefore, from (2.9) and (2.11), there exists an increasing sequence
{λj}j∈N ⊂ (0,∞), with limj→∞ λj = ∞, and a function F ∈ Lp (R, γ) ∩
L2 (R, γ) , such that
• For each K ∈ N, Fλj ,K → F, as j → ∞, in the weak topology of
L2 (R, γ) and in the weak topology of Lp (R, γ), and
• ‖F‖p,γ ≤ C‖φ‖p,γ .
On the other hand,
Fλ,K(y) = χ[−K,K](y)
(∫ ∞
0
t|∇λP (λ−1/2,λ−1/2)t φλ(
y√
λ
)|2(1− y
2
λ
)λ−1/2ey
2
dt
)1/2
= χ[−K,K](y)
[∫ ∞
0
t
(
∂
∂t
P
(λ−1/2,λ−1/2)
t φλ(
y√
λ
)
)2
dt(1 − y
2
λ
)λ−1/2ey
2
+
∫ ∞
0
t(1− y
2
λ
)
(
∂
∂x
P
(λ−1/2,λ−1/2)
t φλ(
y√
λ
)
)2
dt(1− y
2
λ
)λ−1/2ey
2
]1/2
.
Now, define
g1,λφ(y) = χ[−K,K](y)
(∫ ∞
0
t
(
∂
∂t
P
(λ−1/2,λ−1/2)
t φλ(
y√
λ
)
)2
dt
)
(1 − y
2
λ
)λ−1/2ey
2
and
g2,λφ(y) = χ[−K,K](y)
(∫ ∞
0
t(1 − y
2
λ
)
(
∂
∂y
P
(λ−1/2,λ−1/2)
t φλ(
y√
λ
)
)2
dt
)
(1−y
2
λ
)λ−1/2ey
2
.
Let us study first the function g1,λ. For a function φ ∈ L2(R, γ),
√
t
∂
∂t
P
(α,β)
t φλ(
y√
λ
) = −
∞∑
k=1
〈
φλ,
P
(α,β)
k∥∥∥P (α,β)k ∥∥∥2
2,(α,β)
〉
(tλk)
1/2e−tλ
1/2
k P
(α,β)
k (
y√
λ
)
which converges absolutely. Then, taking the Cauchy product, we obtain,(√
t
∂
∂t
P
(α,β)
t φλ(
y√
λ
)
)2
=
∞∑
k=1
k∑
n=1
〈
φλ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φλ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
tλ1/2n λ
1/2
k−ne
−t(λ1/2
k
+λ
1/2
k−n
)P (α,β)n (
y√
λ
)P
(α,β)
k−n (
y√
λ
).
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Then, for the Gegenbauer case, α = β = λ− 1/2, taking λˆk = k(k + 2λ)(√
t
∂
∂t
P
(λ−1/2,λ−1/2)
t φλ(
y√
λ
)
)2
=
∞∑
k=1
k∑
n=1
〈
φλ, C
λ
n
〉 〈
φλ, C
λ
k−n
〉
tλˆ1/2n λˆ
1/2
k−ne
−t(λˆ1/2k +λˆ
1/2
k−n)Cλn(
y√
λ
)Cλk−n(
y√
λ
)
×
[
Γ(2λ)Γ(n+ λ+ 1/2)
Γ(λ + 1/2)Γ(n+ 2λ)
Γ(2λ)Γ(k − n+ λ+ 1/2)
Γ(λ+ 1/2)Γ(k − n+ 2λ)
]2
2(n+ λ)[Γ(λ + 1/2)]2n!Γ(n+ 2λ)
Γ(2λ+ 1)Γ(n+ λ+ 1/2)
×2(k − n+ λ)[Γ(λ + 1/2)]
2(k − n)!Γ(k − n+ 2λ)
Γ(2λ+ 1)Γ(k − n+ λ+ 1/2)
=
∞∑
k=1
k∑
n=1
〈
φλ, C
λ
n
〉 〈
φλ, C
λ
k−n
〉
tλˆ1/2n λˆ
1/2
k−ne
−t(λˆ1/2k +λˆ
1/2
k−n)Cλn(
y√
λ
)Cλk−n(
y√
λ
)
× (n+ λ)n!(k − n)!(k − n+ λ)
λ2(2λ)n(2λ)k−n
.
Thus,(√
t
∂
∂t
P
(λ−1/2,λ−1/2)
t φλ(
y√
λ
)
)2
=
∞∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
tλˆ1/2n λˆ
1/2
k−ne
−t(λˆ1/2n +λˆ1/2k−n)Cλn(
y√
λ
)Cλk−n(
y√
λ
).
Therefore,
g1,λφ(y) = χ[−K,K](y)
∫ ∞
0
∞∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
tλˆ1/2n λˆ
1/2
k−ne
−t(λˆ1/2n +λˆ1/2k−n)
×Cλn(
y√
λ
)Cλk−n(
y√
λ
)(1− y
2
λ
)λ−1/2ey
2
dt.
Let us take,
HN,1λ,K(y) = χ[−K,K](y)
∞∑
k=N+1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
tλˆ1/2n λˆ
1/2
k−ne
−t(λˆ1/2n +λˆ1/2k−n)
×Cλn(
y√
λ
)Cλk−n(
y√
λ
)(1 − y
2
λ
)λ/2−1/4e
y2
2 .
Thus,
g1,λφ(y) = χ[−K,K](y)
∫ ∞
0
N∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
tλˆ1/2n λˆ
1/2
k−ne
−t(λˆ1/2n +λˆ1/2k−n)
×Cλn(
y√
λ
)Cλk−n(
y√
λ
)(1 − y
2
λ
)λ−1/2ey
2
dt
+ χ[−K,K](y)
∫ ∞
0
∞∑
k=N+1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
tλˆ1/2n λˆ
1/2
k−ne
−t(λˆ1/2n +λˆ1/2k−n)
×Cλn(
y√
λ
)Cλk−n(
y√
λ
)(1 − y
2
λ
)λ−1/2ey
2
dt
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=
N∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
λˆ
1/2
n λˆ
1/2
k−n
(λˆ
1/2
n + λˆ
1/2
k−n)2
Cλn(
y√
λ
)Cλk−n(
y√
λ
)
×(1− y
2
λ
)λ−1/2ey
2
+
∫ ∞
0
HN,1λ,K(y)dt(1 −
y2
λ
)λ/2−1/4e
y2
2 .
Now, we want to prove that for K ∈ N and λ > 0 such that √λ > K ,∫ ∞
−∞
∣∣∣∣
∫ ∞
0
HN,1λ,K(y)dt
∣∣∣∣
2
e−y
2 dy√
pi
≤ θ
e(N+1)
.
Indeed, by Minkowski integral inequality we have(∫ ∞
−∞
∣∣∣∣
∫ ∞
0
HN,1λ,K(y)dt
∣∣∣∣
2
e−y
2 dy√
pi
)1/2
≤
∫ ∞
0
(∫ ∞
−∞
∣∣∣HN,1λ,K(y)∣∣∣2 e−y2 dy√pi
)1/2
dt,
then,∫ ∞
−∞
∣∣∣HN,1λ,K(y)∣∣∣2 e−y2 dy√pi
≤ 1√
pi
∫ 1
−1
∣∣∣∣∣
∞∑
k=N+1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
tλˆ1/2n λˆ
1/2
k−ne
−t(λˆ1/2k +λˆ
1/2
k−n)
× Cλn(x)Cλk−n(x)
∣∣2 (1 − x2)λ−1/2dx.
Using Gasper’s linearization of the product of Jacobi polynomials, see [4],
Cλn(x)C
λ
k−n(x) =
[Γ(λ + 1/2)]2Γ(n+ 2λ)Γ(k − n+ 2λ)
[Γ(2λ)]2Γ(n+ λ+ 1/2)Γ(k − n+ λ+ 1/2)
×P (λ−1/2,λ−1/2)n (1)P (λ−1/2,λ−1/2)k−n (1)p(λ−1/2,λ−1/2)n (x)p(λ−1/2,λ−1/2)k−n (x)
=
[Γ(λ + 1/2)]2Γ(n+ 2λ)Γ(k − n+ 2λ)
[Γ(2λ)]2Γ(n+ λ+ 1/2)Γ(k − n+ λ+ 1/2)
×P (λ−1/2,λ−1/2)n (1)P (λ−1/2,λ−1/2)k−n (1)
k∑
i=|k−2n|
ν(i, n, k − n)p(λ−1/2,λ−1/2)i (x),
where, p
(α,β)
i (x) = P
(α,β)
i (x)/P
(α,β)
i (1) and
ν(i, k − n, n) = 1∥∥∥p(α,β)i ∥∥∥2
2,(α,β)
∫ 1
−1
p
(α,β)
i (x)p
(α,β)
k−n (x)p
(α,β)
n (x)dµ(α,β)(x).
Hence,∫ ∞
−∞
∣∣∣HN,1λ,K(y)∣∣∣2 e−y2 dy√pi
≤ 1√
pi
∫ 1
−1
∣∣∣∣∣∣
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
tλˆ1/2n λˆ
1/2
k−ne
−t(λˆ1/2k +λˆ
1/2
k−n)
× [Γ(λ+ 1/2)]
2Γ(n+ 2λ)Γ(k − n+ 2λ)
[Γ(2λ)]2Γ(n+ λ+ 1/2)Γ(k − n+ λ+ 1/2)
× P (λ−1/2,λ−1/2)n (1)P (λ−1/2,λ−1/2)k−n (1)ν(i, n, k − n)p(λ−1/2,λ−1/2)i (x)
∣∣∣2 (1− x2)λ−1/2dx.
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Then, by Parseval’s identity and Cauchy-Schwartz inequality, we have∫ ∞
−∞
∣∣∣HN,1λ,K(y)∣∣∣2 e−y2 dy√pi
≤ 1√
pi
2piΓ(2λ)
λ[Γ(λ)]222λ
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
‖φλ‖2
‖Cλk−n‖2‖Cλn‖2
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2
t2λˆnλˆk−ne−2t(λˆ
1/2
k +λˆ
1/2
k−n)
×
∣∣∣∣ [Γ(λ+ 1/2)]2Γ(n+ 2λ)Γ(k − n+ 2λ)[Γ(2λ)]2Γ(n+ λ+ 1/2)Γ(k − n+ λ+ 1/2)
∣∣∣∣
2
×
∣∣∣P (λ−1/2,λ−1/2)n (1)P (λ−1/2,λ−1/2)k−n (1)∣∣∣2 |ν(i, n, k − n)|2 ∥∥∥p(λ−1/2,λ−1/2)i ∥∥∥2
Now,∣∣∣∣ν(i, k − n, n)∥∥∥p(α,β)i ∥∥∥
2,(α,β)
∣∣∣∣ ≤ 1∥∥∥p(α,β)i ∥∥∥
2,(α,β)
∫ 1
−1
∣∣∣p(α,β)i (x)p(α,β)k−n (x)∣∣∣ ∣∣∣p(α,β)n (x)∣∣∣ dµ(α,β)(x)
≤
( n+ q
n
)
∥∥∥p(α,β)i ∥∥∥
2,(α,β)
∣∣∣P (α,β)n (1)P (α,β)k−n (1)∣∣∣
∥∥∥p(α,β)i ∥∥∥
2,(α,β)
∥∥∥P (α,β)k−n ∥∥∥
2,(α,β)
=
( n+ q
n
) ∥∥∥P (α,β)k−n ∥∥∥
2,(α,β)∣∣∣P (α,β)n (1)P (α,β)k−n (1)∣∣∣ ,
where q = max(α, β). Thus∣∣∣P (α,β)n (1)P (α,β)k−n (1)∣∣∣2 |ν(i, k − n, n)|2 ∥∥∥p(α,β)i ∥∥∥2
2,(α,β)
≤
( n+ q
n
)2 ∥∥∥P (α,β)k−n ∥∥∥2
2,(α,β)
.
Therefore, for α = β = λ− 1/2, we have∫ ∞
−∞
∣∣∣HN,1λ,K(y)∣∣∣2 e−y2 dy√pi
≤ 1√
pi
2piΓ(2λ)
λ[Γ(λ)]222λ
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
‖φλ‖2
‖Cλk−n‖2‖Cλn‖2
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2
t2λˆnλˆk−ne−2t(λˆ
1/2
k +λˆ
1/2
k−n)
×
∣∣∣∣ [Γ(λ+ 1/2)]2Γ(n+ 2λ)Γ(k − n+ 2λ)[Γ(2λ)]2Γ(n+ λ+ 1/2)Γ(k − n+ λ+ 1/2)
∣∣∣∣
2(
n+ λ− 1/2
n
)2
× [Γ(2λ)]
2[Γ(n+ λ+ 1/2)]2
[Γ(λ + 1/2)]2[Γ(n+ 2λ)]2
‖Cλk−n‖2
× [Γ(λ+ 1/2)]
2[Γ(k − n+ 2λ)]2
[Γ(2λ)]2[Γ(k − n+ λ+ 1/2)]2
[Γ(n+ λ+ 1/2)]2
[Γ(λ+ 1/2)]2[n!]2
Γ(2λ)(n+ λ)n!
λΓ(n+ 2λ)
=
1√
pi
2piΓ(2λ)
λ[Γ(λ)]222λ
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
‖φλ‖2
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2
t2λˆnλˆk−ne−2t(λˆ
1/2
k
+λˆ
1/2
k−n
)
× [Γ(k − n+ 2λ)]
2[Γ(n+ λ+ 1/2)]2(n+ λ)
Γ(2λ)[Γ(k − n+ λ+ 1/2)]2n!λΓ(n+ 2λ) .
On the other hand, using the Stirling’s approximation formula for the
gamma function,
Γ(az + b) ∼
√
2pie−az(az)az+b−1/2 (|argz| < pi, a > 0)
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we obtain, for λ big enough that
[Γ(k − n+ 2λ)]2[Γ(n+ λ+ 1/2)]2(n+ λ)
Γ(2λ)[Γ(k − n+ λ+ 1/2)]2n!λΓ(n+ 2λ)
∼ 2pie
−4λ(2λ)4λ+2k−2n−12pie−2λ(λ)2λ+2n(n+ λ)√
2pie−2λ(2λ)2λ−1/22pie−2λ(λ)2λ+2k−2n
√
2pie−2λ(2λ)2λ+n−1/2λn!
=
22k
23n
λn−1(n+ λ)
n!
.
Then, for λ big enough∫ ∞
−∞
∣∣∣HN,1λ,K(y)∣∣∣2 e−y2 dy√pi
≤ 1√
pi
2piΓ(2λ)‖φλ‖2
λ[Γ(λ)]222λ
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2
t2λˆnλˆk−n
×e−2t(λˆ1/2k +λˆ1/2k−n) 2
2k
23n
λn−1(n+ λ)
n!
.
Also,
t2λˆnλˆk−ne−2t(λˆ
1/2
k +λˆ
1/2
k−n)
22k
23n
λn−1(n+ λ)
n!
≤ e
−te−tλˆ
1/2
k−n22kλn(nλ + 1)
t223nn!
.
Taking λ = (k − n)(1 + 2k)2, for t ≥ 1 we get
1
etλˆ
1/2
k−n
≤ 1
e(k−n)
1/2(k−n+2(k−n)(1+2k)2)1/2
≤ 1
e(k−n)(1+2(1+2k)
2)
1/2
≤ 1
e(k−n)
1
ek
1
ek
.
Now, if 0 < t < 1 we have that for t near to 0, exists k > 0 big enough
such that 1k ≤ t, i.e. 1t2 ≤ k2. Hence,
1
etλˆ
1/2
k−n
≤ 1
e
1
k (k−n)1/2(k−n+2(k−n)(1+2k)2)
1/2
≤ 1
e(k−n)
1
ek
1
ek
.
Therefore, for λ big enough there exists C > 0 such that
t2λˆnλˆk−ne−2t(λˆ
1/2
k +λˆ
1/2
k−n)
22k
23n
λn−1(n+ λ)
n!
≤ e
−tC
ek
.
Then, for λ big enough we have∫ ∞
−∞
∣∣∣HN,1λ,K(y)∣∣∣2 e−y2 dy√pi
≤ 1√
pi
2piΓ(2λ)
λ[Γ(λ)]222λ
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2
t2λˆnλˆk−n
×e−2t(λˆ1/2k +λˆ1/2k−n) 2
2k
23n
λn−1(n+ λ)
n!
≤ e
−t
√
pi
2piΓ(2λ)
λ[Γ(λ)]222λ
MC‖φλ‖2
e(N+1)
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2
≤ 2piΓ(2λ)
λ[Γ(λ)]222λ
e−tMC‖φλ‖42,λ
e(N+1)
≤ e
−tMC‖φ‖42,γ
e(N+1)
,
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Hence,(∫ ∞
−∞
∣∣∣∣
∫ ∞
0
HN,1λ,K(y)dt
∣∣∣∣
2
e−y
2 dy√
pi
)1/2
≤
∫ ∞
0
(
e−tMC‖φ‖42,γ
e(N+1)
)1/2
dt
= (MC)1/2
‖φ‖22,γ
e
(N+1)
2
∫ ∞
0
e−
t
2 dt =
(MC)1/2‖φ‖22,γ
e
(N+1)
2
.
Thus,
{∫∞
0
HN,1λ,Kdt
}
is a bounded sequence on L2 (R, γ) , so by Bourbaki-
Alaoglu’s theorem, there exists a sequence (λj)j∈N, limj→∞ λj =∞ such
that, for all N ∈ N,
{∫∞
0
HN,1λj ,Kdt
}
j∈N
converges weakly in L2 (R, γ) to a
function HN,1K ∈ L2 (R, γ) Moreover,
(2.12)
∫ ∞
−∞
∣∣∣HN,1K (y)∣∣∣2 e−y
2
√
pi
dy ≤ (MC)
1/2‖φ‖22,γ
e
(N+1)
2
Then, there exists a non decreasing sequence (Nj)j∈N such that,
(2.13) H
Nj,1
K (y) −→ 0, a.e. y ∈ R.
The study of g2,λ is essentially analogous, so fewer details will be given.
For φ ∈ L2(R, γ) we have
∂
∂y
P
(α,β)
t φλ(
y√
λ
) = −
∞∑
k=1
〈
φλ,
P
(α,β)
k∥∥∥P (α,β)k ∥∥∥2
2,(α,β)
〉
e−tλ
1/2
k
(k + α+ β + 1)
2
P
(α+1,β+1)
k−1 (
y√
λ
),
which converges absolutely. Then, again taking the Cauchy product, we
obtain(
∂
∂y
P
(λ−1/2,λ−1/2)
t φλ(
y√
λ
)
)2
=
∞∑
k=1
k∑
n=1
〈
φλ, C
λ
n
〉 〈
φλ, C
λ
k−n
〉
e−t(λˆ
1/2
n +λˆ
1/2
k−n)Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
)
(n+ 2λ)(k − n+ 2λ)
4
×Γ(2λ+ 2)Γ(n+ λ+ 1/2)
Γ(λ+ 3/2)Γ(n+ 2λ+ 1)
Γ(2λ+ 2)Γ(k − n+ λ+ 1/2)
Γ(λ+ 3/2)Γ(k − n+ 2λ+ 1)
Γ(2λ)Γ(n+ λ+ 1/2)
Γ(λ+ 1/2)Γ(n+ 2λ)
×Γ(2λ)Γ(k − n+ λ+ 1/2)
Γ(λ+ 1/2)Γ(k − n+ 2λ)
2(n+ λ)[Γ(λ + 1/2)]2n!Γ(n+ 2λ)
Γ(2λ+ 1)[Γ(n+ λ+ 1/2)]2
×2(k − n+ λ)[Γ(λ + 1/2)]
2(k − n)!Γ(k − n+ 2λ)
Γ(2λ+ 1)[Γ(k − n+ λ+ 1/2)]2
=
∞∑
k=1
k∑
n=1
〈
φλ, C
λ
n
〉 〈
φλ, C
λ
k−n
〉
e−t(λˆ
1/2
n +λˆ
1/2
k−n)Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
)
×4(n+ λ)n!(k − n+ λ)(k − n)!
(2λ)n(2λ)k−n
,
then
t(1− y
2
λ
)
(
∂
∂t
P
(λ−1/2,λ−1/2)
t φλ(
y√
λ
)
)2
= (1− y
2
λ
)
∞∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
4λ2te−t(λˆ
1/2
n +λˆ
1/2
k−n)Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
).
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Hence,
g2,λφ(y) = χ[−K,K](y)
∫ ∞
0
∞∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
4λ2te−t(λˆ
1/2
n +λˆ
1/2
k−n)
×Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
)(1 − y
2
λ
)λ+1/2ey
2
dt.
Taking,
HN,2λ,K(y) = χ[−K,K](y)
∞∑
k=N+1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
4λ2te−t(λˆ
1/2
n +λˆ
1/2
k−n)
×Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
)(1− y
2
λ
)λ/2+1/4e
y2
2
we can write,
g2,λφ(y) = χ[−K,K](y)
∫ ∞
0
N∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
4λ2te−t(λˆ
1/2
n +λˆ
1/2
k−n)
×Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
)(1 − y
2
λ
)λ+1/2ey
2
dt
+χ[−K,K](y)
∫ ∞
0
∞∑
k=N+1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
4λ2te−t(λˆ
1/2
n +λˆ
1/2
k−n)
×Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
)(1 − y
2
λ
)λ+1/2ey
2
dt(1 − y
2
λ
)λ+1/2ey
2
dt
=
N∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
4λ2
(λˆ
1/2
n + λˆ
1/2
k−n)
2
×Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
)(1 − y
2
λ
)λ+1/2ey
2
+
∫ ∞
0
HN,2λ,K(y)dt(1−
y2
λ
)λ/2+1/4e
y2
2 .
Similarly the previous case, we want to prove that for any K ∈ N and λ > 0
such that
√
λ > K,∫ ∞
−∞
∣∣∣∣
∫ ∞
0
HN,2λ,K(y)dt
∣∣∣∣
2
e−y
2 dy√
pi
≤ θ
e(N+1)
.
Indeed, by Minkowski integral inequality we have(∫ ∞
−∞
∣∣∣∣
∫ ∞
0
HN,2λ,K(y)dt
∣∣∣∣
2
e−y
2 dy√
pi
)1/2
≤
∫ ∞
0
(∫ ∞
−∞
∣∣∣HN,2λ,K(y)∣∣∣2 e−y2 dy√pi
)1/2
dt.
Now,∫ ∞
−∞
∣∣∣HN,2λ,K(y)∣∣∣2 e−y2 dy√pi
≤ 1√
pi
∫ 1
−1
∣∣∣∣∣
∞∑
k=N+1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
4λ2te−t(λˆ
1/2
k +λˆ
1/2
k−n)
× Cλ+1n−1(x)Cλ+1k−n−1(x)
∣∣2 (1− x2)λ−1/2dx
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Again, using the Gasper’s linearization of the product of Jacobi polynomials,[4],
we may write
Cλ+1n−1(x)C
λ+1
k−n−1(x)
=
[Γ(λ+ 3/2)]2Γ(n+ 2λ+ 1)Γ(k − n+ 2λ+ 1)
[Γ(2λ+ 2)]2Γ(n+ 2λ+ 3/2)Γ(k − n+ 2λ+ 3/2)
×P (λ+1/2,λ+1/2)n−1 (1)P (λ+1/2,λ+1/2)k−n−1 (1)p(λ+1/2,λ+1/2)n−1 (x)p(λ+1/2,λ+1/2)k−n−1 (x)
=
[Γ(λ+ 3/2)]2Γ(n+ 2λ+ 1)Γ(k − n+ 2λ+ 1)
[Γ(2λ+ 2)]2Γ(n+ 2λ+ 3/2)Γ(k − n+ 2λ+ 3/2)
×P (λ+1/2,λ+1/2)n−1 (1)P (λ+1/2,λ+1/2)k−n−1 (1)
k−2∑
i=|k−2n|
ν(i, n− 1, k − n− 1)p(λ+1/2,λ+1/2)i (x).
Thus,∫ ∞
−∞
∣∣∣HN,2λ,K(y)∣∣∣2 e−y2 dy√pi
≤ 1√
pi
∫ 1
−1
∣∣∣∣∣∣
∞∑
k=N+1
k∑
n=1
k−2∑
i=|k−2n|
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
4λ2te−t(λˆ
1/2
n +λˆ
1/2
k−n)
× [Γ(λ+ 3/2)]
2Γ(n+ 2λ+ 1)Γ(k − n+ 2λ+ 1)
[Γ(2λ+ 2)]2Γ(n+ 2λ+ 3/2)Γ(k − n+ 2λ+ 3/2)P
(λ+1/2,λ+1/2)
n−1 (1)P
(λ+1/2,λ+1/2)
k−n−1 (1)
× ν(i, n− 1, k − n− 1)p(λ+1/2,λ+1/2)i (x)
∣∣∣2 (1− x2)λ−1/2dx.
Then, using Parseval’s identity and Cauchy-Schwartz inequality, we have∫ ∞
−∞
∣∣∣HN,2λ,K(y)∣∣∣2 e−y2 dy√pi
≤ 1√
pi
2piΓ(2(λ+ 1))
(λ+ 1)[Γ(λ+ 1)]222(λ+1)
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2 ‖φλ‖2
‖Cλn‖2‖Cλk−n‖2
×16λ4t2e−2t(λˆ1/2k +λˆ1/2k−n)
∣∣∣∣ [Γ(λ+ 3/2)]2Γ(n+ 2λ+ 1)Γ(k − n+ 2λ+ 1)[Γ(2λ+ 2)]2Γ(n+ 2λ+ 3/2)Γ(k − n+ 2λ+ 3/2)
∣∣∣∣
2
×
∣∣∣P (λ+1/2,λ+1/2)n−1 (1)P (λ+1/2,λ+1/2)k−n−1 (1)∣∣∣2 |ν(i, n− 1, k − n− 1)|2 ∥∥∥p(λ+1/2,λ+1/2)i ∥∥∥2 .
Then, by by a similar argument as in the previous case, we get∫ ∞
−∞
∣∣∣HN,2λ,K(y)∣∣∣2 e−y2 dy√pi
≤ 1√
pi
2piΓ(2(λ+ 1))
(λ+ 1)[Γ(λ+ 1)]222(λ+1)
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2 ‖φλ‖2
‖Cλn‖2‖Cλk−n‖2
×16λ4t2e−2t(λˆ1/2k +λˆ1/2k−n)
∣∣∣∣ [Γ(λ+ 3/2)]2Γ(n+ 2λ+ 1)Γ(k − n+ 2λ+ 1)[Γ(2λ+ 2)]2Γ(n+ 2λ+ 3/2)Γ(k − n+ 2λ+ 3/2)
∣∣∣∣
2
×
(
n+ λ− 1/2
n− 1
)2 [
Γ(2λ)Γ(k − n+ λ+ 1/2)
Γ(λ+ 1/2)Γ(k − n+ 2λ)
]2
(2λ+ 2)(2λ+ 1)(k − n)
(λ+ 1/2)2(k − n+ 2λ)
∥∥Cλk−n∥∥2λ .
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On the other hand,
∣∣∣∣ [Γ(λ+ 3/2)]2Γ(n+ 2λ+ 1)Γ(k − n+ 2λ+ 1)[Γ(2λ+ 2)]2Γ(n+ 2λ+ 3/2)Γ(k − n+ 2λ+ 3/2)
∣∣∣∣
2
×
(
n+ λ− 1/2
n− 1
)2 [
Γ(2λ)Γ(k − n+ λ+ 1/2)
Γ(λ+ 1/2)Γ(k − n+ 2λ)
]2
(2λ+ 2)(2λ+ 1)(k − n)
(λ+ 1/2)2(k − n+ 2λ)
∥∥Cλk−n∥∥2λ
=
2[Γ(n+ 2λ)]2 [Γ(n+ λ+ 1/2)]
2
[Γ(k − n+ λ+ 1/2)]2 ∥∥Cλk−n∥∥2λ
(2λ)4[Γ(2λ)]2[Γ(n+ 2λ+ 1/2)]2[Γ(k − n+ 2λ+ 1/2)]2[Γ(n)]2 .
Hence,
∫ ∞
−∞
∣∣∣HN,2λ,K(y)∣∣∣2 e−y2 dy√pi
≤ 1√
pi
2piΓ(2(λ+ 1))
(λ+ 1)[Γ(λ+ 1)]222(λ+1)
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2 ‖φλ‖2t2e−2t(λˆ
1/2
k +λˆ
1/2
k−n)
‖Cλn‖2
×2[Γ(n+ 2λ)]
2 [Γ(n+ λ+ 1/2)]2 [Γ(k − n+ λ+ 1/2)]2 ∥∥Cλk−n∥∥2λ
[Γ(2λ)]2[Γ(n+ 2λ+ 1/2)]2[Γ(k − n+ 2λ+ 1/2)]2[Γ(n)]2
=
1√
pi
2piΓ(2(λ+ 1))‖φλ‖2
(λ+ 1)[Γ(λ+ 1)]222(λ+1)
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2
t2e−2t(λˆ
1/2
k +λˆ
1/2
k−n)
× 2[Γ(n+ 2λ)] [Γ(n+ λ+ 1/2)]
2
[Γ(k − n+ λ+ 1/2)]2
Γ(2λ)[Γ(n+ 2λ+ 1/2)]2[Γ(k − n+ 2λ+ 1/2)]2[Γ(n)]2
(n+ λ)n!
λ
.
Then, for λ big enough we have
2[Γ(n+ 2λ)] [Γ(n+ λ+ 1/2)]
2
[Γ(k − n+ λ+ 1/2)]2
Γ(2λ)[Γ(n+ 2λ+ 1/2)]2[Γ(k − n+ 2λ+ 1/2)]2[Γ(n)]2
(n+ λ)n!
λ
∼ 2
√
2pie−2λ(2λ)2λ+n−1/22pie−2λ(λ)2λ+2n2pie−2λ(λ)2λ+2k−2n(n+ λ)n!√
2pie−2λ(2λ)2λ−1/22pie−4λ(2λ)4λ+2n2pie−4λ(2λ)4λ+2k−2nλ[(n− 1)!]2
=
2n+1λn−1(n+ λ)n!
22k+8λλ4λe−4λ[(n− 1)!]2 ≤
(n
λ
+ 1
) λnn
λ4λ(n− 1)! .
Therefore, for λ big enough we have
∫ ∞
−∞
∣∣∣HN,2λ,K(y)∣∣∣2 e−y2 dy√pi ≤ ‖φλ‖
2
√
pi
2piΓ(2(λ+ 1))
(λ+ 1)[Γ(λ+ 1)]222(λ+1)
×
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2
t2e−2t(λˆ
1/2
k +λˆ
1/2
k−n)
(n
λ
+ 1
) λnn
λ4λ(n− 1)! .
Similarly the previous case, taking λ = (k − n)(1 + 2k)2 we have for k big
enough there exists C > 0 such that
t2e−2t(λˆ
1/2
k +λˆ
1/2
k−n)
(n
λ
+ 1
) λnn
λ4λ(n− 1)! ≤
e−tC
ek
.
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Thus, for λ big enough we have∫ ∞
−∞
∣∣∣HN,2λ,K(y)∣∣∣2 e−y2 dy√pi ≤ ‖φλ‖
2
√
pi
2piΓ(2(λ+ 1))
(λ+ 1)[Γ(λ+ 1)]222(λ+1)
×
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2
t2e−2t(λˆ
1/2
k +λˆ
1/2
k−n)
(n
λ
+ 1
) λnn
λ4λ(n− 1)!
≤ e
−t
√
pi
2pi(2λ+ 1)2λΓ(2λ)
(λ+ 1)λ2[Γ(λ)]222λ22
MC‖φλ‖2
e(N+1)
∞∑
k=N+1
k∑
n=1
k∑
i=|k−2n|
∣∣∣∣
〈
φλ,
Cλn
‖Cλn‖
〉∣∣∣∣
2
≤ 2piΓ(2λ)
λ[Γ(λ)]222λ
e−tMC‖φλ‖42,λ
e(N+1)
≤ e
−tMC‖φ‖42,γ
e(N+1)
,
Hence(∫ ∞
−∞
∣∣∣∣
∫ ∞
0
HN,2λ,K(y)dt
∣∣∣∣
2
e−y
2 dy√
pi
)1/2
≤
∫ ∞
0
(
e−tMC‖φ‖42,γ
e(N+1)
)1/2
dt
=
(MC)1/2‖φ‖22,γ
e
(N+1)
2
.
Then,
{∫∞
0
HN,2λ,Kdt
}
is a bounded sequence on L2 (R, γ) , so by Bourbaki-
Alaoglu’s theorem, there exists a sequence (λj)j∈N limj→∞ λj = ∞ such
that, for all N ∈ N,
{∫∞
0 H
N,2
λj ,K
dt
}
j∈N
converges weakly in L2 (R, γ) to a
function HN,2K ∈ L2 (R, γ) Moreover,
(2.14)
∫ ∞
−∞
∣∣∣HN,2K (y)∣∣∣2 e−y
2
√
pi
dy ≤ (MC)
1/2‖φ‖22,γ
e
(N+1)
2
Therefore, there exists a non decreasing sequence (Nj)j∈N such that,
(2.15) H
Nj,2
K (y) −→ 0, a.e. y ∈ R.
On the other hand,
(Fλ,K(y))
2 = g1,λφ(y) + g2,λφ(y)
=
N∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
λˆ
1/2
n λˆ
1/2
k−n
(λˆ
1/2
n + λˆ
1/2
k−n)2
Cλn(
y√
λ
)Cλk−n(
y√
λ
)
×(1− y
2
λ
)λ−1/2ey
2
+
∫ ∞
0
HN,1λ,K(y)dt(1 −
y2
λ
)λ/2−1/4e
y2
2
+
N∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
4λ2
(λˆ
1/2
n + λˆ
1/2
k−n)2
×Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
)(1− y
2
λ
)λ+1/2ey
2
+
∫ ∞
0
HN,2λ,K(y)dt(1 −
y2
λ
)λ/2+1/4e
y2
2
= FNλ,K(y) +
∫ ∞
0
HN,1λ,K(y)dt(1 −
y2
λ
)λ/2−1/4e
y2
2
+
∫ ∞
0
HN,2λ,K(y)dt(1 −
y2
λ
)λ/2+1/4e
y2
2(2.16)
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where,
FNλ,K(y) =
N∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
λˆ
1/2
n λˆ
1/2
k−n
(λˆ
1/2
n + λˆ
1/2
k−n)
2
Cλn(
y√
λ
)Cλk−n(
y√
λ
)
×(1− y
2
λ
)λ−1/2ey
2
+
N∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
4λ2
(λˆ
1/2
n + λˆ
1/2
k−n)2
×Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
)(1 − y
2
λ
)λ+1/2ey
2
Defining, for each m ∈ N, FNmK = F 2−HNm,1K −HNm,2K , then since Fλ,K →
FK , as j →∞ in the weak topology of L2 (R, γ) and that
FNλ,K = (Fλ,K)
2−
∫ ∞
0
HN,1λ,K(y)dt(1−
y2
λ
)λ/2−1/4e
y2
2 −
∫ ∞
0
HN,2λ,K(y)dt(1−
y2
λ
)λ/2+1/4e
y2
2 ,
we have, for all m ∈ N,
FNmλj ,K −→ FNmK , weakly in L2 (R, γ) , as j →∞
also,
(2.17) FNmK (y) −→ F 2(y), as m→∞ a.e. y ∈ R
Now,
FNλ,K(y)
=
N∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
λˆ
1/2
n λˆ
1/2
k−n
(λˆ
1/2
n + λˆ
1/2
k−n)2
Cλn(
y√
λ
)Cλk−n(
y√
λ
)
×(1− y
2
λ
)λ−1/2ey
2
+
N∑
k=1
k∑
n=1
〈
φλ,
Cλn
‖Cλn‖2
〉〈
φλ,
Cλk−n
‖Cλk−n‖2
〉
4λ2
(λˆ
1/2
n + λˆ
1/2
k−n)2
×Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
)(1− y
2
λ
)λ+1/2ey
2
=
N∑
k=1
k∑
n=1
(n+ λ)n!(k − n)!(k − n+ λ)
λ2(2λ)n(2λ)k−n
λˆ
1/2
n λˆ
1/2
k−n
(λˆ
1/2
n + λˆ
1/2
k−n)2
〈
φλ, C
λ
n
〉 〈
φλ, C
λ
k−n
〉
×Cλn(
y√
λ
)Cλk−n(
y√
λ
)(1− y
2
λ
)λ−1/2ey
2
+
N∑
k=1
k∑
n=1
〈
φλ, C
λ
n
〉 〈
φλ, C
λ
k−n
〉
Cλ+1n−1(
y√
λ
)Cλ+1k−n−1(
y√
λ
)
×4(n+ λ)n!(k − n+ λ)(k − n)!
(2λ)n(2λ)k−n
1
(λˆ
1/2
k + λˆ
1/2
k−n)2
(1 − y
2
λ
)λ+1/2ey
2
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=
N∑
k=1
k∑
n=1
(nλ + 1)n!(k − n)!(k−nλ + 1)
2(2 + 1λ) . . . (2 +
n−1
λ )2(2 +
1
λ) . . . (2 +
k−n−1
λ )
× (n(
n
λ + 2))
1/2((k − n)(k−nλ + 2))1/2
{(n(nλ + 2))1/2 + ((k − n)(k−nλ + 2))1/2}2
〈
φλ, λ
− n2Cλn
〉 〈
φλ, λ
− k−n2 Cλk−n
〉
×λ−n2 Cλn(
y√
λ
)λ−
k−n
2 Cλk−n(
y√
λ
)(1− y
2
λ
)λ−1/2ey
2
+
N∑
k=1
k∑
n=1
〈
φλ, λ
−n2 Cλn
〉 〈
φλ, λ
− k−n2 Cλk−n
〉
λ−
n−1
2 Cλ+1n−1(
y√
λ
)λ−
k−n−1
2 Cλ+1k−n−1(
y√
λ
)
× 4(
n
λ + 1)n!(
k−n
λ + 1)(k − n)!
2(2 + 1λ ) . . . (2 +
n−1
λ )2(2 +
1
λ) . . . (2 +
k−n−1
λ )
× 1{(n(nλ + 2))1/2 + ((k − n)(k−nλ + 2))1/2}2
(1 − y
2
λ
)λ+1/2ey
2
.
Then,
lim
λ→∞
FNλ,K(y)
= lim
λ→∞
N∑
k=1
k∑
n=1
(nλ + 1)n!(k − n)!(k−nλ + 1)
2(2 + 1λ) . . . (2 +
n−1
λ )2(2 +
1
λ ) . . . (2 +
k−n−1
λ )
× (n(
n
λ + 2))
1/2((k − n)(k−nλ + 2))1/2
{(n(nλ + 2))1/2 + ((k − n)(k−nλ + 2))1/2}2
〈
φλ, λ
−n2 Cλn
〉 〈
φλ, λ
− k−n2 Cλk−n
〉
×λ−n2 Cλn(
y√
λ
)λ−
k−n
2 Cλk−n(
y√
λ
)(1− y
2
λ
)λ−1/2ey
2
+ lim
λ→∞
N∑
k=1
k∑
n=1
〈
φλ, λ
−n2 Cλn
〉 〈
φλ, λ
− k−n2 Cλk−n
〉
λ−
n−1
2 Cλ+1n−1(
y√
λ
)λ−
k−n−1
2 Cλ+1k−n−1(
y√
λ
)
× 4(
n
λ + 1)n!(
k−n
λ + 1)(k − n)!
2(2 + 1λ) . . . (2 +
n−1
λ )2(2 +
1
λ ) . . . (2 +
k−n−1
λ )
× 1{(n(nλ + 2))1/2 + ((k − n)(k−nλ + 2))1/2}2
(1− y
2
λ
)λ+1/2ey
2
=
N∑
k=1
k∑
n=1
n!(k − n)!
2n2k−n
n1/2(k − n)1/2
(n1/2 + (k − n)1/2)2
〈
φ,
Hn
n!
〉〈
φ,
Hk−n
(k − n)!
〉
Hn(y)
n!
Hk−n(y)
(k − n)!
+
N∑
k=1
k∑
n=1
n!(k − n)!
2n2k−n
4
2(n1/2 + (k − n)1/2)2
×
〈
φ,
Hn
n!
〉〈
φ,
Hk−n
(k − n)!
〉
Hn−1(y)
(n− 1)!
Hk−n−1(y)
(k − n− 1)!
=
N∑
k=1
k∑
n=1
n1/2(k − n)1/2
〈
φ,
Hn
‖Hn‖2
〉〈
φ,
Hk−n
‖Hk−n‖2
〉
Hn(y)Hk−n(y)
×
∫ ∞
0
te−t(n
1/2+(k−n)1/2)dt
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+
N∑
k=1
k∑
n=1
4n(k − n)
2
〈
φ,
Hn
‖Hn‖2
〉〈
φ,
Hk−n
‖Hk−n‖2
〉
Hn−1(y)Hk−n−1(y)
×
∫ ∞
0
te−t(n
1/2+(k−n)1/2)dt
=
∫ ∞
0
N∑
k=1
k∑
n=1
n1/2(k − n)1/2te−t(n1/2+(k−n)1/2)
×
〈
φ,
Hn
‖Hn‖2
〉〈
φ,
Hk−n
‖Hk−n‖2
〉
Hn(y)Hk−n(y)dt
+
∫ ∞
0
N∑
k=1
k∑
n=1
4n(k − n)
2
te−t(n
1/2+(k−n)1/2)
×
〈
φ,
Hn
‖Hn‖2
〉〈
φ,
Hk−n
‖Hk−n‖2
〉
Hn−1(y)Hk−n−1(y)dt
=
∫ ∞
0
(
√
t
N∑
k=1
k1/2e−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk(y)
)2
dt
+
∫ ∞
0
t
(
1√
2
N∑
k=1
2ke−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk−1(y)
)2
dt,
so we have,
lim
λ→∞
FNλ,K(y) =
∫ ∞
0
(√
t
N∑
k=1
k1/2e−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk(y)
)2
dt
+
∫ ∞
0
t
(
1√
2
N∑
k=1
2ke−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk−1(y)
)2
dt.
Thus,
FNmK (y) =
∫ ∞
0
(
√
t
Nm∑
k=1
k1/2e−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk(y)
)2
dt
+
∫ ∞
0
t
(
1√
2
Nm∑
k=1
2ke−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk−1(y)
)2
dt.
On the other hand, given that
|Hk(x)| ≤ ηe x
2
2 2
k
2
√
k!, η = 1.086435
we get,∣∣∣∣∣k1/2e−tk1/2
〈
φ,
Hk
‖Hk‖2
〉
|Hk(y)|
∣∣∣∣∣ ≤ k1/2e−tk1/2 ‖φ‖ ηe
y2
2 2
k
2
√
k!
pi1/42
k
2
√
k!
=
η ‖φ‖ e y
2
2
pi1/4
k1/2e−tk
1/2
,
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then,∣∣∣∣∣∣t
(
Nm∑
k=1
k1/2e−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk(y)
)2∣∣∣∣∣∣ ≤
η2 ‖φ‖2 ey2
pi1/2
t
(
Nm∑
k=1
k1/2e−tk
1/2
)2
≤ η
2 ‖φ‖2 ey2
pi1/2
t
( ∞∑
k=1
k1/2e−tk
1/2
)2
.
Now, for t ≥ 1 we have
∞∑
k=1
k1/2e−t(k
1/2−1/2) ≤
∞∑
k=1
k1/2e−k
1/2+1/2,
which converges. Therefore∫ ∞
1
t
( ∞∑
k=1
k1/2e−tk
1/2
)2
dt ≤
∫ ∞
1
te−t
( ∞∑
k=1
k1/2e−t(k
1/2−1/2)
)2
dt
≤
∫ ∞
1
te−t
( ∞∑
k=1
k1/2e−k
1/2+1/2
)2
dt ≤ C
∫ ∞
1
te−tdt <∞.
Let 0 < t < 1. For y ∈ [−K,K], let us define
τm(y) =
Nm∑
k=1
k1/2e−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk(y).
We know that for y ∈ [−K,K],
τm(y) −→
∞∑
k=1
k1/2e−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk(y), if m→∞,
and also,
∞∑
k=1
k1/2e−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk(y) =
∂
∂t
P γt (φ(y)).
Now, for ε = 1, exists M(ε, y) > 0 such that
(2.18) |τm(y)− ∂
∂t
P γt (φ(y))| < 1, if m ≥M,
then, for m ≥M we get
|τm(y)| < 1 + | ∂
∂t
P γt (φ(y))| < t
(
1 + C(1 + |y|)e−t) .
Therefore, for y ∈ [−K,K] we have∫ 1
0
t(1 + C(1 + |y|)e−t)2dt <∞.
Let us then define
ψ(t) =


η2‖φ‖2ey2
pi1/2
t
(∑∞
k=1 k
1/2e−tk
1/2
)2
if t ≥ 1
t (1 + C(1 + |y|)e−t)2 if 0 < t < 1
which is integrable in (0,∞), now for all m > 0 we have∣∣∣∣∣∣
(
√
t
Nm∑
k=1
k1/2e−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk(y)
)2∣∣∣∣∣∣ ≤ ψ(t), for all t > 0,
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then, by Lebesgue’s dominated convergence theorem we have
lim
m→∞
∫ ∞
0
(
√
t
Nm∑
k=1
k1/2e−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk(y)
)2
dt
=
∫ ∞
0
(
√
t
∞∑
k=1
k1/2e−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk(y)
)2
dt =
∫ ∞
0
t
(
∂
∂t
P γt (φ(y))
)2
dt.
Similarly, we have
lim
m→∞
∫ ∞
0
t
(
1√
2
Nm∑
k=1
2ke−tk
1/2
〈
φ,
Hk
‖Hk‖2
〉
Hk−1(y)
)2
dt =
∫ ∞
0
t
(
1√
2
∂
∂y
P γt (φ(y))
)2
dt
i.e.,
(2.19) FNmK (y)→ (gγφ(y))2 , cuando m→∞ a.e. y ∈ R
therefore, from (2.17) and (2.19) we get
F (y) = gγ(φ(y))
ii) The proof is essentially analogous to i), so fewer details will be provided.
Assume that the operator g(α,β) is bounded in Lp ([−1, 1], µα,β). Let φ ∈
C∞0 (0,∞) and β > 0, then we have
‖g(α,β)φβ‖Lp([−1,1],µ(α,β)) ≤ C‖φβ‖Lp([−1,1],µ(α,β))
where, φβ(x) = φ
(
β
2 (1− x)
)
, for x ∈ [−1, 1], i.e.,∥∥∥∥∥
{∫ ∞
0
t|∇(α,β)P (α,β)t φβ |2dt
}1/2∥∥∥∥∥
Lp([−1,1],µ(α,β))
≤ C‖φβ‖Lp([−1,1],µ(α,β))
Now making the change of variable x = 1− 2β y, we have{
ηα,β
2α+β+1
βα+1
∫ β
0
∣∣∣∣∣
{∫ ∞
0
t|∇(α,β)P (α,β)t φβ(1−
2
β
y)|2dt
}1/2
(1 − y
β
)β/pe
y
p
∣∣∣∣∣
p
yαe−ydy
}1/p
≤ C‖φβ‖Lp([−1,1],µλ)
thus,{∫ β
0
∣∣∣∣∣
{∫ ∞
0
t|∇(α,β)P (α,β)t φβ(1−
2
β
y)|2dt
}1/2
(1− y
β
)β/pe
y
p
∣∣∣∣∣
p
yαe−ydy
}1/p
≤ C (Zα,β)−1 ‖φβ‖Lp([−1,1],µλ)
where, Zα,β =
Γ(α+β+2)
Γ(α+1)βα+2Γ(β) . Analogously we get,

∫ β
0
∣∣∣∣∣
{∫ ∞
0
t|∇(α,β)P (α,β)t φβ(1−
2
β
y)|2dt
}1/2
(1− y
β
)β/2e
y
2
∣∣∣∣∣
2
yαe−ydy


1/2
≤ C (Zα,β)−1 ‖φβ‖L2([−1,1],µλ)
Now, for each K ∈ N and β > 0, such that β > K, define the functions
Fβ,K(y) = χ(0,K)(y)
{∫ ∞
0
t|∇(α,β)P (α,β)t φβ(1−
2
β
y)|2dt
}1/2
(1− y
β
)β/2e
y
2
and
fβ,K(y) = χ(0,K)(y)
{∫ ∞
0
t|∇(α,β)P (α,β)t φβ(1−
2
β
y)|2dt
}1/2
(1 − y
β
)β/pe
y
p
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From the previous inequalities both series converge for all y ∈ (0, β), and
Fβ,K = fβ,KΩβ , where
Ωβ(y) = e
y
2− yp
(
1− y
β
)β/2−β/p
for all K ∈ N and β > K. Now as,
|Ωβ(y)| = e
y
2− yp
(
1− y
β
)β/2−β/p
≤ e y2− yp (e−y/β)β/2−β/p = 1
we conclude that Ωβ is bounded in (0,K). On the other hand,
(Zα,β)
−1/p‖φβ‖Lp([−1,1]µ(α,β)) = (Zα,β)
−1/p
{
ηα,β
∫ 1
−1
|φβ(x)|p (1 − x)α(1 + x)βdx
}1/p
,
and making the change of variable x = 1− 2β y we get
(Zα,β)
−1/p
{
ηα,β
∫ 1
−1
|φβ(x)|p (1 − x)α(1 + x)βdx
}1/p
= (Zα,β)
−1/p
{
ηα,β
2
β
∫ β
0
∣∣∣∣φβ(1− 2β y)
∣∣∣∣
p(
2y
β
)α(
2− 2y
β
)β
dy
}1/p
≤ C
{∫ β
0
|φ(y)|p yα
(
1− y
β
)β
dy
}1/p
≤ C
{∫ ∞
0
|φ(y)|p yαe−ydy
}1/p
= C‖φ‖Lp((0,∞),µα).
Then,
lim
β→∞
(Zα,β)
−1/p‖φβ‖Lp([−1,1],µ(α,β)) ≤ limβ→∞C
{∫ ∞
0
|φ(y)|p yαe−ydy
}1/p
= C‖φ‖Lp((0,∞),µα).
Moreover,
(Zα,β)
−1/p‖φβ‖Lp([−1,1],µ(α,β)) ≤ C‖φ‖Lp((0,∞),µα).(2.20)
Now,
‖Fβ,K‖L2((0,∞),µα) ≤ C(Zα,β)−1/2‖φβ‖L2([−1,1],µ(α,β))
and therefore, from (2.20) for p = 2 and (2.21), we get
‖Fβ,K‖L2((0,∞),µα) ≤ C‖φ‖L2((0,∞),µα).
Analogously, using that Ωβ is bounded in (0,K),
‖Fβ,K‖Lp((0,∞),µα) ≤ C
{
1
Γ(α+ 1)
∫ k
0
|fβ,K(y)|pyαe−ydy
}1/p
≤ C(Zα,β)−1/p‖φβ‖Lp([−1,1],µ(α,β)).(2.21)
Then, from (2.20) and (2.21),
‖Fβ,K‖Lp((0,∞),µα) ≤ C‖φ‖Lp((0,∞),µα),
for all β > K. Therefore {Fβ,K} is a bounded subsequence in L2 ((0,∞), µα)
with Lp ((0,∞), µα). Thus by the Bourbaki-Alaoglu’s theorem, there ex-
ists an increasing sequence {βj}j∈N with limj→∞ βj = ∞ and functions
FK ∈ L2 ((0,∞), µα) and fK ∈ Lp ((0,∞), µα) satisfying that
• Fβj ,K → FK , as j →∞, in the weak topology of L2 ((0,∞), µα)
• Fβj ,K → fK , as j →∞, in the weak topology of Lp ((0,∞), µα).
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Then, as in i), we can conclude that there exists an increasing sequence
(βj)j∈N ⊂ (0,∞) such that limj→∞ βj =∞, and a function F ∈ Lp ((0,∞), µα)∩
L2 ((0,∞), µα) , such that
• for each K ∈ N, Fβj ,K → F, as j → ∞, in the weak topology on
L2 ((0,∞), µα) and in the weak topology on Lp ((0,∞), µα).
• ‖F‖Lp((0,∞),µα) ≤ C‖φ‖Lp((0,∞),µα).
Analogously to the Hermite case, we have
Fβ,K(y) = χ(0,K)(y)
{∫ ∞
0
t
(
∂
∂t
P
(α,β)
t φβ(1−
2
β
y)
)2
dt(1− y
β
)βey
+
∫ ∞
0
t
β
(
∂
∂y
P
(α,β)
t φβ(1−
2
β
y)
)2
dt4y(1− y
β
)β+1ey
}1/2
.
Now. let us define
g1,βφ(y) = χ(0,K)(y)
∫ ∞
0
t
(
∂
∂t
P
(α,β)
t φβ(1−
2
β
y)
)2
dt(1− y
β
)βey
and
g2,βφ(y) = χ(0,K)(y)
∫ ∞
0
t
β
(
∂
∂y
P
(α,β)
t φβ(1−
2
β
y)
)2
dt4y(1− y
β
)β+1ey
Let us first g1,β.
For a function φ ∈ L2((0,∞), µα)(√
t
∂
∂t
P
(α,β)
t φβ(1−
2
β
y)
)2
=
∞∑
k=1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
tλ1/2n λ
1/2
k−n
× e−t(λ1/2k +λ1/2k−n)P (α,β)n (1 −
2
β
y)P
(α,β)
k−n (1 −
2
β
y).
Therefore, as in the previous case
g1,βφ(y) =
N∑
k=1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
λ
1/2
n λ
1/2
k−n
(λ
1/2
k + λ
1/2
k−n)
2
× P (α,β)n (1−
2
β
y)P
(α,β)
k−n (1−
2
β
y)(1− y
β
)βey
+
∫ ∞
0
HN,1β,K(y)dt (1−
y
β
)β/2ey/2,
where,
HN,1β,K(y) = χ(0,K)(y)
∞∑
k=N+1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
tλ1/2n λ
1/2
k−n
× e−t(λ1/2k +λ1/2k−n)P (α,β)n (1−
2
β
y)P
(α,β)
k−n (1 −
2
β
y)(1− y
β
)β/2ey/2.
We want to prove that for K ∈ N and β > K,∫ ∞
0
∣∣∣∣
∫ ∞
0
HN,1β,K(y)dt
∣∣∣∣
2
yαe−y
dy
Γ(α+ 1)
≤ C ‖φ‖
4
2,α
eN+1
.
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Now,∫ ∞
0
∣∣∣HN,1β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1)
≤ β
α
2α+βΓ(α+ 1)
∫ ∞
0
∣∣∣∣∣∣∣
∞∑
k=N+1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
tλ1/2n λ
1/2
k−ne
−t(λ1/2k +λ
1/2
k−n)
× P (α,β)n (1−
2
β
y)P
(α,β)
k−n (1−
2
β
y)
∣∣∣∣
2(
2y
β
)α
2β(1− y
β
)βdy
=
βα+1
2α+β+1Γ(α+ 1)
∫ 1
−1
∣∣∣∣∣∣∣
∞∑
k=N+1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
tλ1/2n λ
1/2
k−ne
−t(λ1/2k +λ
1/2
k−n)
× P (α,β)n (x)P (α,β)k−n (x)
∣∣∣2 (1− x)α(1 + x)βdx.
Then, again by Gasper’s linearization of the product of Jacobi polynomials
[4] and using Parseval’s identity, we have∫ ∞
0
∣∣∣HN,1β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1)
≤ β
α+1
ηα,β2α+β+1Γ(α+ 1)
∞∑
k=N+1
k∑
n=1
k∑
i=k−2n
∣∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉∣∣∣∣∣∣∣
2 ∣∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉∣∣∣∣∣∣∣
2
t2λnλk−n
×
∣∣∣P (α,β)n (1)P (α,β)k−n (1)∣∣∣2 e−2t(λ1/2k +λ1/2k−n) |ν(i, k − n, n)|2 ∥∥∥p(α,β)i ∥∥∥2
2
.
Using analogous boundedness argument as in the Hermite case, we get∫ ∞
0
∣∣∣HN,1β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1)
≤ β
α+1 ‖φβ‖2
ηα,β2α+β+1Γ(α+ 1)
∞∑
k=N+1
k∑
n=1
∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥
2
〉∣∣∣∣∣∣
2
t2λnλk−n2n
( n+ q
n
)2
e−2t(λ
1/2
k +λ
1/2
k−n)∥∥∥P (α,β)n ∥∥∥2
2
≤ e
−tβα+1 ‖φβ‖2
ηα,β2α+β+1Γ(α+ 1)
∞∑
k=N+1
k∑
n=1
∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥
2
〉∣∣∣∣∣∣
2
2n
( n+ q
n
)2
e−tλ
1/2
k−n
t2
∥∥∥P (α,β)n ∥∥∥2
2
.
Now, for β big enough
1∥∥∥P (α,β)n ∥∥∥2
2
=
(2n+ α+ β + 1)Γ(α+ 1)Γ(β + 1)Γ (n+ 1)Γ (n+ α+ β + 1)
Γ(α+ β + 2)Γ (n+ α+ 1)Γ (n+ β + 1)
≤ Cn!
(α+ 1)n
and
(2.22)( n+ q
n
)
=
(
n+ β
n
)
=
Γ(n+ β + 1)
Γ(β + 1)n!
∼ β
n
n!
.
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Thus, for β big enough,∫ ∞
0
∣∣∣HN,1β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1)
≤ Ce
−tβα+1 ‖φβ‖2
ηα,β2α+β+1Γ(α + 1)
∞∑
k=N+1
k∑
n=1
∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥
2
〉∣∣∣∣∣∣
2
2nβ2ne−tλ
1/2
k−n
t2(α+ 1)n
Taking β = (k−n) (1 + 2k2)2 , then, k is big enough if β is big enough and
we have two cases.
• Case t ≥ 1: In this case, we have
1
etλ
1/2
k−n
≤ 1
e(k−n)
1/2(k−n+(k−n)(1+2k2)2+α+1)1/2
≤ 1
e(k−n)
1
ek
.
Therefore, for k big enough exist C > 0 such that
∞∑
k=N+1
k∑
n=1
∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥
2
〉∣∣∣∣∣∣
2
2nβ2ne−tλ
1/2
k−n
t2(α+ 1)n
≤ C
eN
∞∑
k=N+1
k∑
n=1
∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥
2
〉∣∣∣∣∣∣
2
,
thus,
(2.23)
∫ ∞
0
∣∣∣HN,1β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1) ≤
Ce−t ‖φ‖42,α
eN+1
• Case 0 < t < 1: for t near to 0, exists k > 0 big enough such that
1
k ≤ t, i.e. 1t2 ≤ k2.Then, analogously to the Hermite case
1
etλ
1/2
k−n
≤ 1
e(k−n)
1
ek
1
ek
.
Hence,∫ ∞
0
∣∣∣HN,1β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1) ≤
Ce−t ‖φ‖42,α
eN+1
.
Therefore,(∫ ∞
0
∣∣∣∣
∫ ∞
0
HN,1β,K(y)dt
∣∣∣∣
2
yαe−y
dy
Γ(α+ 1)
)1/2
≤
∫ ∞
0
(
e−tC‖φ‖42,α
e(N+1)
)1/2
dt
=
(C)1/2‖φ‖22,α
e
(N+1)
2
Thus,
{∫∞
0 H
N,1
β,Kdt
}
is a bounded sequence on L2 ((0,∞), µα) so
by Bourbaki-Alaoglu’s theorem, there exists a sequence (λj)j∈N
limj→∞ λj = ∞ such that, for all N ∈ N,
{∫∞
0 H
N,1
βj ,K
dt
}
j∈N
con-
verges weakly in L2 ((0,∞), µα) to a function HN,1K ∈ L2 ((0,∞), µα)
Moreover,
(2.24)
∫ ∞
0
∣∣∣HN,1K (y)∣∣∣2 yαe−y dyΓ(α+ 1) ≤ Ce (N+1)2
Then, there exists a non decreasing sequence (Nj)j∈N such that,
(2.25) H
Nj,1
K (y) −→ 0, a.e. y ∈ R.
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For the function g2,β we get similar estimates. Given φ ∈ L2((0,∞), µα),(√
t√
β
∂
∂y
P
(α,β)
t φβ(1−
2
β
y)
)2
=
∞∑
k=1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
λnλk−n
4n(k − n)
×P (α+1,β+1)n−1 (1−
2
β
y)P
(α+1,β+1)
k−n−1 (1−
2
β
y)
t
β
e−t(λ
1/2
k +λ
1/2
k−n).
Thus,
g2,βφ(y) =
N∑
k=1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
P
(α+1,β+1)
n−1 (1 −
2
β
y)P
(α+1,β+1)
k−n−1 (1 −
2
β
y)
× y
βn(k − n)
λnλk−n
(λ
1/2
k + λ
1/2
k−n)2
(1− y
β
)β+1ey +
∫ ∞
0
HN,2β,K(y)dty
1/2(1− y
β
)(β+1)/2ey/2,
where,
HN,2β,K(y) = χ(0,K)(y)
∞∑
k=N+1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
t
β
e−t(λ
1/2
k
+λ
1/2
k−n
) λnλk−n
n(k − n)
×P (α+1,β+1)n−1 (1−
2
β
y)P
(α+1,β+1)
k−n−1 (1−
2
β
y)y1/2(1− y
β
)(β+1)/2ey/2.
Again, we want to prove that for K ∈ N and β > K,∫ ∞
0
∣∣∣∣
∫ ∞
0
HN,2β,K(y)dt
∣∣∣∣
2
yαe−y
dy
Γ(α+ 1)
≤ (C)
1/2‖φ‖22,α
e
(N+1)
2
.
Let us see this,∫ ∞
0
∣∣∣HN,2β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1)
≤ β
α+2
2α+β+3Γ(α+ 1)
∫ 1
−1
∣∣∣∣∣∣∣
∞∑
k=N+1
k∑
n=1
k−2∑
i=k−2n
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
t
β
× e−t(λ1/2k +λ1/2k−n) λnλk−n
n(k − n)P
(α+1,β+1)
n−1 (1)P
(α+1,β+1)
k−n−1 (1)ν(i, k − n− 1, n− 1)p(α+1,β+1)i (x)
∣∣∣∣
2
× (1− x)α+1 (1 + x)β+1dx.
Thus, using Parseval’s identity∫ ∞
0
∣∣∣HN,2β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1)
≤ β
α+2
ηα+1,β+12α+β+3Γ(α + 1)
∞∑
k=N+1
k∑
n=1
k−2∑
i=k−2n
∣∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉∣∣∣∣∣∣∣
2 ∣∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉∣∣∣∣∣∣∣
2 ∣∣∣∣ tβ
∣∣∣∣
2
×e−2t(λ1/2k +λ1/2k−n)
∣∣∣∣ λnλk−nn(k − n)P (α+1,β+1)n−1 (1)P (α+1,β+1)k−n−1 (1)
∣∣∣∣
2
× |ν(i, k − n− 1, n− 1)|2
∥∥∥p(α+1,β+1)i ∥∥∥2
(α+1,β+1)
.
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Analogously the previous case,∫ ∞
0
∣∣∣HN,2β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1)
≤ β
α+2‖φβ‖2
ηα+1,β+12α+β+3Γ(α+ 1)
∞∑
k=N+1
k∑
n=1
∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥
2
〉∣∣∣∣∣∣
2
t22(n− 1)
β2
∥∥∥P (α,β)n ∥∥∥2
2
∥∥∥P (α,β)k−n ∥∥∥2
2
×e−2t(λ1/2k +λ1/2k−n)
∣∣∣∣ λnλk−nn(k − n)
∣∣∣∣
2
.
(
n− 1 + q
n− 1
)2 ∥∥∥P (α+1,β+1)k−n−1 ∥∥∥2
(α+1,β+1)
.
Also, given that∥∥∥P (α+1,β+1)k−n−1 ∥∥∥2
(α+1,β+1)
=
(α + β + 3)(α+ β + 2)(k − n)
(α+ 1)(β + 1)(k − n+ α+ β + 1)
∥∥∥P (α,β)k−n ∥∥∥2
(α,β)
,
we get,∫ ∞
0
∣∣∣HN,2β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1)
≤ β
α+2‖φβ‖2
ηα+1,β+12α+β+3Γ(α+ 1)
∞∑
k=N+1
k∑
n=1
∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥
2
〉∣∣∣∣∣∣
2
t22e−2t(λ
1/2
k +λ
1/2
k−n)λ2nλk−n
β2n
×
(
n− 1 + q
n− 1
)2
(α+ β + 3)(α+ β + 2)
(α+ 1)(β + 1)
∥∥∥P (α,β)n ∥∥∥2
2
≤ e
−tβα+1‖φβ‖2
ηα,β2α+β+1Γ(α+ 1)
∞∑
k=N+1
k∑
n=1
∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥
2
〉∣∣∣∣∣∣
2
2e−tλ
1/2
k−n(n+ α+ β + 1)
t2β
(
n− 1 + q
n− 1
)2
∥∥∥P (α,β)n ∥∥∥2
2
.
Then we have for β > 0 big enough(
n− 1 + q
n− 1
)2
(n+ α+ β + 1)
β
∥∥∥P (α,β)n ∥∥∥2
2
≤ Cnβ
2(n−1)
(α+ 1)n
≤ Cnβ
2n
(α+ 1)n
.
Hence, for β > 0 big enough∫ ∞
0
∣∣∣HN,2β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1)
≤ Ce
−tβα+1‖φβ‖2
ηα,β2α+β+1Γ(α + 1)
∞∑
k=N+1
k∑
n=1
∣∣∣∣∣∣
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥
2
〉∣∣∣∣∣∣
2
2nβ2ne−tλ
1/2
k−n
t2(α+ 1)n
then, analogous to (2.23) we have∫ ∞
0
∣∣∣HN,2β,K(y)∣∣∣2 yαe−y dyΓ(α+ 1) ≤
Ce−t ‖φ‖42,α
eN+1
,
therefore,(∫ ∞
0
∣∣∣∣
∫ ∞
0
HN,2β,K(y)dt
∣∣∣∣
2
yαe−y
dy
Γ(α+ 1)
)1/2
≤ (C)
1/2‖φ‖22,α
e
(N+1)
2
.
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Thus,
{∫∞
0 H
N,2
β,Kdt
}
is a bounded sequence on L2 ((0,∞), µα) , so by
Bourbaki-Alaoglu’s theorem, there exists a sequence (λj)j∈N limj→∞ λj =
∞ such that, for allN ∈ N,
{∫∞
0 H
N,2
βj,K
dt
}
j∈N
converges weakly in L2 ((0,∞), µα)
to a function HN,2K ∈ L2 ((0,∞), µα) Moreover,
(2.26)
∫ ∞
0
∣∣∣HN,2K (y)∣∣∣2 yαe−y dyΓ(α+ 1) ≤ Ce (N+1)2
Then, there exists a non decreasing sequence (Nj)j∈N such that,
(2.27) H
Nj,2
K (y) −→ 0, a.e. y ∈ (0,∞).
Therefore, similarly to (2.16)
(Fβ,K(y))
2
= g1,βφ(y) + g2,βφ(y)
= FNβ,K(y) +
∫ ∞
0
HN,1β,K(y)dt(1 −
y
β
)β/2ey/2 +
∫ ∞
0
HN,2β,K(y)dty
1/2(1− y
β
)(β+1)/2ey/2,
where
FNβ,K(y) =
N∑
k=1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
λ
1/2
n λ
1/2
k−n
(λ
1/2
k + λ
1/2
k−n)2
× P (α,β)n (1 −
2
β
y)P
(α,β)
k−n (1 −
2
β
y)(1− y
β
)βey
+
N∑
k=1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
λnλk−n
(λ
1/2
k + λ
1/2
k−n)2
× y
βn(k − n)P
(α+1,β+1)
n−1 (1 −
2
β
y)P
(α+1,β+1)
k−n−1 (1 −
2
β
y)(1− y
β
)β+1ey.
Defining, for each m ∈ N, FNmK = F 2−HNm,1K −HNm,2K , then since Fβ,K →
FK , as j →∞ in the weak topology of L2 ((0,∞), µα) and that
FNβ,K = (Fβ,K)
2−
∫ ∞
0
HN,1β,K(y)dt(1−
y
β
)β/2ey/2 −
∫ ∞
0
HN,2β,K(y)dty
1/2(1− y
β
)(β+1)/2ey/2,
we have, for all m ∈ N,
FNmβj ,K −→ FNmK , weakly in L2 ((0,∞), µα) , as j →∞,
and also,
(2.28) FNmK (y) −→ F 2(y), as m→∞ a.e. y ∈ (0,∞).
Now, given that
lim
β→∞
P
(α+1,β+1)
n−1 (1−
2
β
y) = lim
β→∞
P
(α+1,β+1)
n−1 (1−
2y
β + 1
β + 1
β
) = Lα+1n−1(y)
and
lim
β→∞
1∥∥∥P (α,β)n ∥∥∥2
(α,β)
= lim
β→∞
(
2n
β
+
α
β
+ 1 +
1
β
)n!
Γ(α+ 1)
Γ(n+ α+ 1)
βα+1Γ(β + 1)
Γ(α+ β + 2)
Γ(β + n+ α+ 1)
βαΓ(n+ β + 1)
=
n!Γ(α+ 1)
Γ(n+ α+ 1)
=
1
‖Lαn‖2α
;
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we get,
lim
β→∞
FNβ,K(y) = lim
β→∞
N∑
k=1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
λ
1/2
n λ
1/2
k−n
(λ
1/2
k + λ
1/2
k−n)2
× P (α,β)n (1 −
2
β
y)P
(α,β)
k−n (1 −
2
β
y)(1− y
β
)βey
+ lim
β→∞
N∑
k=1
k∑
n=1
〈
φβ ,
P
(α,β)
n∥∥∥P (α,β)n ∥∥∥2
2
〉〈
φβ ,
P
(α,β)
k−n∥∥∥P (α,β)k−n ∥∥∥2
2
〉
λnλk−n
(λ
1/2
k + λ
1/2
k−n)2
× y
βn(k − n)P
(α+1,β+1)
n−1 (1 −
2
β
y)P
(α+1,β+1)
k−n−1 (1 −
2
β
y)(1− y
β
)β+1ey
=
N∑
k=1
k∑
n=1
〈
φ,
Lαn
‖Lαn‖2α
〉〈
φ,
Lαk−n∥∥Lαk−n∥∥2α
〉
n1/2(k − n)1/2
(n1/2 + (k − n)1/2)2L
α
n(y)L
α
k−n(y)
+
N∑
k=1
k∑
n=1
〈
φ,
Lαn
‖Lαn‖2α
〉〈
φ,
Lαk−n∥∥Lαk−n∥∥2α
〉
y
(n1/2 + (k − n)1/2)2L
α+1
n−1(y)L
α+1
k−n−1(y)
=
∫ ∞
0
t
(
N∑
k=1
〈
φ,
Lαn
‖Lαn‖2α
〉
k1/2e−tk
1/2
Lαn(y)
)2
dt
+
∫ ∞
0
t
(
N∑
k=1
〈
φ,
Lαn
‖Lαn‖2α
〉
√
ye−tk
1/2
Lα+1n−1(y)
)2
dt.
Thus,
FNmK (y) =
∫ ∞
0
t
(
Nm∑
k=1
〈
φ,
Lαn
‖Lαn‖2α
〉
k1/2e−tk
1/2
Lαn(y)
)2
dt
+
∫ ∞
0
t
(
Nm∑
k=1
〈
φ,
Lαn
‖Lαn‖2α
〉
√
ye−tk
1/2
Lα+1n−1(y)
)2
dt.
We want to prove that
(2.29) FNmK (y)→ (gαφ(y))2 , as m→∞ a.e. y ∈ R
Indeed, initially we have∣∣∣∣∣
Nm∑
k=1
〈
φ,
Lαk
‖Lαk‖2α
〉
k1/2e−tk
1/2
Lαk (x)
∣∣∣∣∣ ≤ ‖φ‖
∞∑
k=1
k1/2e−tk
1/2 |Lαk (x)|
‖Lαk‖α
.
From (8.22.1) of [9], for α y x > 0, we have
Lαk (x) = pi
−1/2ex/2x−α/2−1/4cos{2(kx)1/2 − αpi/2− pi/4}+O(kα/2−3/4).
Thus, there exist M > 0 such that∣∣∣Lαk (x)− pi−1/2ex/2x−α/2−1/4kα/2−1/4cos{2(kx)1/2 − αpi/2 − pi/4}∣∣∣ ≤Mkα/2−3/4,
hence,
|Lαk (x)| ≤ kα/2−1/4
(
M + pi−1/2ex/2x−α/2−1/4
)
.
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On the other hand, sin for k big enough ‖Lαk‖2α ≈ k
α
Γ(α+1) , then, there exist
N1 > 0 such that
|Lαk (x)|
‖Lαk‖α
≤
(
M + pi−1/2ex/2x−α/2−1/4
)
[Γ(k + 1)]1/2
k1/4
, for any k ≥ N1.
Thus,
∞∑
k=1
k1/2e−tk
1/2 |Lαk (x)|
‖Lαk‖α
≤
(
M + pi−1/2ex/2x−α/2−1/4
)
[Γ(α+ 1)]
1/2
N1∑
k=1
k1/4e−tk
1/2 kα/2
‖Lαk‖α
+
(
M + pi−1/2ex/2x−α/2−1/4
)
[Γ(α+ 1)]
1/2
∞∑
k=1
k1/2e−tk
1/2
.
Then, for t ≥ 1 we have∣∣∣∣∣∣t
(
Nm∑
k=1
〈
φ,
Lαk
‖Lαk‖2α
〉
k1/2e−tk
1/2
Lαk (x)
)2∣∣∣∣∣∣
≤
(
M + pi−1/2ex/2x−α/2−1/4
)2
Γ(α + 1)
(
N1∑
k=1
k1/4e−tk
1/2 kα/2
‖Lαk‖α
)2
t
+
(
M + pi−1/2ex/2x−α/2−1/4
)2
Γ(α+ 1)
(
N1∑
k=1
k1/4e−k
1/2 kα/2
‖Lαk‖α
)
t
( ∞∑
k=1
k1/2e−tk
1/2
)
+
(
M + pi−1/2ex/2x−α/2−1/4
)2
Γ(α+ 1)t
( ∞∑
k=1
k1/2e−tk
1/2
)2
.
Now, analogously to the Hermite case, we have
∫ ∞
1
t


(
M + pi−1/2ex/2x−α/2−1/4
)2
Γ(α+ 1)
(
N1∑
k=1
k1/4e−tk
1/2 kα/2
‖Lαk‖α
)2
+
(
M + pi−1/2ex/2x−α/2−1/4
)2
Γ(α+ 1)
(
N1∑
k=1
k1/4e−k
1/2 kα/2
‖Lαk‖α
)( ∞∑
k=1
k1/2e−tk
1/2
)
+
(
M + pi−1/2ex/2x−α/2−1/4
)2
Γ(α+ 1)
( ∞∑
k=1
k1/2e−tk
1/2
)2
 dt
≤
(
M + pi−1/2ex/2x−α/2−1/4
)2
Γ(α + 1)


(
N1∑
k=1
e−(k
1/2−1/2)kα/2+1/4
‖Lαk‖α
)2
+
(
N1∑
k=1
e−k
1/2
kα/2+1/4
‖Lαk‖α
)( ∞∑
k=1
k1/2e−(k
1/2−1)
)
+
( ∞∑
k=1
k1/2e−(k
1/2−1/2)
)2

∫ ∞
1
te−tdt <∞.
For 0 < t < 1, given that | ∂∂tPαt (φ(y))| ≤ C(1 + |y|)e−t we get for
y ∈ (0,K)
t
∣∣∣∣∣
Nm∑
k=1
〈
φ,
Lαk
‖Lαk‖2α
〉
k1/2e−tk
1/2
Lαk (x)
∣∣∣∣∣
2
< t
(
1 + | ∂
∂t
Pαt (φ(y))|
)2
< t
(
1 + C(1 + |y|)e−t)2 ,
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where, ∫ 1
0
t(1 + C(1 + |y|)e−t)2dt <∞,
then, by Lebesgue’s dominated convergence theorem we have
lim
m→∞
∫ ∞
0
t
(
Nm∑
k=1
〈
φ,
Lαk
‖Lαk‖2α
〉
k1/2e−tk
1/2
Lαk (x)
)2
dt
=
∫ ∞
0
t
( ∞∑
k=1
〈
φ,
Lαk
‖Lαk‖2α
〉
k1/2e−tk
1/2
Lαk (x)
)2
dt =
∫ ∞
0
t
(
∂
∂t
Pαt (φ(y))
)2
dt.
Similarly as before,
lim
m→∞
∫ ∞
0
t
(
Nm∑
k=1
〈
φ,
Lαn
‖Lαn‖2α
〉
√
ye−tk
1/2
Lα+1n−1(y)
)2
dt =
∫ ∞
0
t
(√
y
∂
∂y
Pαt (φ(y))
)2
dt.
Thus,
FNmK (y)→ (gαφ(y))2 , as m→∞ a.e. y ∈ R,
hence, from (2.28) and (2.29) we have F (y) = gα(φ(y)). 
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